QUANTUM LEFSCHETZ THEOREM REVISITED

JUN WANG

ABSTRACT. Let X be any smooth proper Deligne-Mumford stack with projective coarse
moduli, and Y be a smooth complete intersection in X associated with a direct sum of
semi-positive line bundles. We will introduce a useful and broad class known as admissible
series for discussing quantum Lefschetz theorem. For any admissible series on the Givental’s
Lagrangian cone of X, we will show that a hypergeometric modification of the series lies on
the Lagrangian cone of Y. This confirms a prediction from Coates-Corti-Iritani-Tseng about
the genus zero quantum Lefschetz theorem beyond convexity. In our quantum Lefschetz
theorem, we use extended variables to formulate the hypergeometric modification, which
may be of self-independent interest.
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1. INTRODUCTION

Gromov-Witten (GW) invariants count the (virtual) number of stable maps from curves to
a target variety/stack X with prescribed conditions. Quantum Lefschetz is one of the central
topics in Gromov-Witten theory and it compares the GW invariants of a complete intersection
and its ambient space. On the other hand, in Givental’s formalism|[Giv04, CGO7, Tsel0], all
information of genus-zero Gromov-Witten invariants is encoded in an overruled Lagrangian
cone Lx sitting inside an infinite dimensional symplectic vector space. Consequently, a natural
approach to the quantum Lefschetz problem in genus zero is to find an explicit slice on Givental’s
Lagrangian cone of the complete intersection using a given slice on Givental’s Lagrangian cone of
the ambient space, This approach is often referred to as a mirror theorem in the literature. The
earliest quantum Lefschetz theorem can be traced back to the verification of the famous mirror
conjecture for quintic threefolds[CDLOGP91, Giv96, LLY99]. Since then, more cases related to
quantum Lefschetz have been proved. In genus zero, Givental-style quantum Lefschetz theorems
can be divided into two categories:

(1) The complete intersection Y is associated with a direct sum of convez line bundles over
the ambient space X, see e.g.,[GivI8, Lee01, CG07, CCIT19]. The reason for requiring
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the convexity condition is that we need to apply the so-called Quantum Lefschetz
principle proved in [KKPO03]. This principle expresses the Gromov-Witten invariants
of the complete intersection as an Euler class of a certain bundle over the moduli stack
of genus-zero stable maps to X. See also [CGIT12] for some examples where this
principle can fail if we drop the convexity condition, where the examples are associated
with semi-positive line bundles in the sense of this paper. We note that convexity is a
very rare condition when X is a not a variety.

(2) When convexity fails, proving a quantum Lefschetz theorem is much more difficult.
There has been significant progress on this case recently by solving the genus zero
quasimap wall-crossing conjecture [Wanl9, Zho22]. However, it’s important to note
that we require the ambient space to be a GIT quotient, which is a prerequisite for
applying quasimap theory[CFKM14, CCFK15].

The main objective of this paper is to prove a genus-zero'quantum Lefschetz theorem that goes
beyond the scope of the two categories mentioned previously, where the ambient space can be
a non-GIT target and the convexity condition may not hold. Actually our scope of quantum
Lefschetz theorem is quite broad, there are not many restrictions on the ambient space and we
only assume that the complete intersection is associated with semi-positive line bundles, which is
much weaker than convexity (see[CGIT12]). The proof relies on (and generalizes) the recursive
relation of a point on the Givental’s Lagrangian cone discovered by the author in [Wan19],
which was used to demonstrate the genus-zero quasimap wall-crossing conjecture for abelian
GIT quotients. However, we need to carefully pick a space carried with a C*—action which
could provide the recursive relation we want; in our case we will use a root-stack modification
of the space of deformation to the normal cone. This is different from the spaces used in loc.cit
and it has the advantage of generalizing the quantum Lefschetz theorem proved in loc.cit to
non-GIT targets.

1.1. Main theorem. Let X be a smooth proper Deligne-Mumford stack over C with projective
coarse moduli. Let [, X be the rigidified (cyclotomic) inertia stack of X, where a C—point of
I,,X can be written as a pair (z, g) where z is a C-point of X and g is an element in the isotropy
group Aut(z). Denote by C the finite set of connected components of I, X with I.X being the
component corresponding to the element ¢ € C. The involution on I, »X by sending (x,g) to
(x,g~ ') also induces an involution on C, we write ¢~! to be image of ¢ under the involution.

The overruled Lagrangian cone Lx introduced by A.Givental is comprised by the so-called
(big) J-function:

JX(q,t(2), —2) == —21x + t(2) + Z Z
BEEM(X) m>0
(1.1)
L6 400), (), —22 )X
m! 1), ; m T _,(/’)* 0,[m]ux,B »

where the input” t(z) € H}p(X,C)[z] is a polynomial in z with coefficients in the Chen-
Ruan cohomology H{ (X, C) = H*(I,X,C), the notation ¢ stands for the Novikov variable
corresponding to the degree 8 in the cone Eff(X) of effective curve classes of X. We note
that such a choice of the input t(z) usually lead to some (rather mild) convergence issue about
J—function. One way to handle this is using formal geometry; let N be any positive integer,

1Recently, there have been significant advance in the high genus case, where the failure of convexity provides
one main obstacle to the computation of high genus GW invariants, see e.g., [Zin08, GJR17, GJR18, CGL21,
CJR22,LR22,CJR21] and their references therein.

2We will also use the notation p(z) in this paper.
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we will choose our input t in the Zs—graded space
(Qatla o 7tN)H*(I_MX7(C>[Z][[t17 e 7tNH[[Eﬁ(X)H ’

where each variable ¢; is associated with a grading in Zo = Z/2Z. More precisely, t(z) can be
written in the form of

k k
(1.2) Z qﬁtll . ’tNNfﬁ,E(Z) ,
BEEf(X)
E:(’flﬁ'wkN)EZgo

where fg #(z) € H (I,X,0)[z], fo’ﬁ(z) =0 and t& ... thy f5 5(2) is of even grading. See §2 for
more details.

Let Y C X be a smooth complete intersection associated with a direct sum of semi-positive
line bundles ®}_; L;, i.e., the pairing 3(L;) := (c1(L;), 8) = 0 for any degree 3 € Eff(X). Then
the age function agey(L;|;) for each (z,g) € I.X is constant on each connected component J.X
of I,,X and we will denote the constant value to be age.(L;). To state the main theorem in this
paper, we will introduce a useful category for discussing the quantum Lefschetz known as ad-
miassible series. This concept summarizes a common feature of all previous proved J—functions
about quantum Lefschetz. Here we will describe the content about admissible series needed in
the statement of the main theorem, see §2 for a more general definition of admissible series.

Endow each variable t; and line bundle L; with a weight w;; € Q0. We will call a tuple

Bk = (k- kn),c) € BE(X) x 75, x C an admissible pair if

N
age.(L;) = B(L;) + Zw”kz mod Z
i=1
for all line bundles L;. Denote by Adm the set of all admissible pairs. Write each component
fa(t,2) in 1.2 as a sum

f@j(z) = Z fﬁ’]ac(z)
ceC

where f, 1 .(2) belongs to the space H*(I.-1.X,C)[z]. Then we call the input t(z) an admissible

(power) series if t(z) can be written as in 1.2 and f, () = 0 whenever (B,k,c) is not an
admissible pair.

Let JX(q,t,—2) be a point on the Lagrangian cone Lx of X with t(z) being an admissible
(power) series. Following the tradition in the literature, to prove a quantum Lefschetz theorem,
it’s more convenient to flip the sign of z in the function J(g,t, —z); in our case, J*(q,t, z) will
always have an asymptotic expansion in variables ¢ tlfl e t’fVN as:

k k
Z+ Z ¢t "'tNNJé;;,c(tyz) )
(B,k,c)eAdm
where J;E C(t, z) € H*(I.-1X,C)[z, 27 1]]. Define JX:'(q,t, 2) to be the hypergeometric mod-
ification of JX(q,t,2):
w k k
JX’t (Qataz) =z 4+ Z qﬁtll "'tNNJ;fRC(th)

(8,k,c)e Adm
(1.3) r

H H (Cl(Lj)+(/8(Lj)+Zwijki7m)Z) .

J=L0Km<B(L;)+32; wijki

Our main theorem in this paper will be the following:
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Theorem 1.1 (=Theorem 4.6). Let i : fHY — I_HX be the inclusion of rigidified inertia stacks,
then the series i*JX'(q,t,—z) lies on the Lagrangian cone Ly of Y.

Here we are suppressing a change about the J—function defining the Lagrangian cone Ly of
Y by using Novikov variables from Eff(X) rather than Eff(Y'), see §3.4 for more details.

Even when the convexity holds, our theorem still have some new results compared to previous
quantum Lefschetz theorems. Our selection of the variables ¢; with their respective weights w;;
plays the same role as the Novikov variables ¢ with the corresponding numbers j3 (Lj), which
resembles much similarity with the usage of extended degrees for S-extended [—functions of
toric stacks in [CCIT15,CCIT19]. Therefore we will call the pair (3, E) an extended degree and
call t; extended variables. However the appearance of extended variables beyond toric cases is
new. We note that introducing extended variables in loc.cits is a vital aspect to establish a
Laudau-Ginzburg mirror for the big (equivariant) quantum ring of toric stacks (see [CCIT20]).
We expect our theorem will have the similar mirror result (at least for ambient cohomology) and
we will return to this question in the future. It’s worth noting that the method of introducing
extended variables in loc.cits cannot generalized to general cases as it relies on the S—extended
fan structure for toric stacks in loc.cits (see also [Jia08]). This reflects a novel aspect of our
method.

1.2. Relation to twisted Gromov-Witten invariants. We will discuss a relationship of our
quantum Lefschetz theorem to twisted Gromov-Witten invariants, in particular a conjecture of
Coates-Corti-Iritani-Tseng.

Consider the C*—action on the vector bundle E := @®7_,L; via scaling the fibers. The
C*—equivariant Euler class of E can be written in term of the Chern roots ¢;(L;) as

e (B) =[]k +ar(Ly))
J
where k be the equivariant parameter corresponding to the standard representation of C*. Then
one can define a twisted Lagrangian cone L% using (ec* , E)-twisted Gromov-Witten invariants
(See [CGOT7] and [Tsel0] for more details).
The series JX (g, t, z) in our main theorems are related to points on the twisted Lagrangian
cone L1 in the following way: we can associate JX a series defined by

Xt . Z qﬂtlfl .. -tl;;fNJ;fE,c(t’z)
(ﬁ,E,c)GAdm
(1.4) r
11 1T K+ (er(Ly) + (B(Ly) + Y wijhs —m)z) .
J=L0Sm<B(L;)+32; wijks i
Then we have
lim IX,tu) _ JX,tw )
Kk—0
Moreover, using the same idea in [CCIT19, Theorem 22] where we view our t; here as their
x; in loc.cit, one can prove that I°™ lies on the twisted Lagrangian cone L. In general,
Coates-Corti-Iritani-Tseng make the following conjecture (see [OP18; Conejcture 5.2]):

Conjecture 1.2. Let X be a smooth proper Deligne-Mumford stack with projective coarse
moduli and Y is a smooth complete intersection® of X. Let I'™ be a point on the twisted
Lagrangian cone LY of X, if the limit lim,_,o*I™ exits, then lim,_03* "™ is a point on the
Lagrangian cone Ly of Y.

3Note that the conjecture doesn’t require the line bundles defining the complete intersection to be semi-
positive.
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This conjecture is known to be false in general, where a counterexample is found in [SW22].
However we can still take this as a guiding principle towards genus zero quantum Lefschetz
theorem in general case and we are able to verify this conjecture under mild hypotheses as in
Theorem 4.6.

1.3. Sketch of the main idea of the proof. The proof will first reduce to the hypersurface
case. Set uXtw = [JX! (g ¢, 2) — z]4 to be the truncation in nonnegative z—powers. Note
that the J—function JY (g, t,z) is of the form z +t + O(271), we observe that, to prove the
main theorem, we need to show that

IV (q i oM 2) = i TN (g, t,2)

for which we only need to consider their negative z—powers. We aim to demonstrate that both
sides of the negative z—powers of the above equation satisfy the same recursive relations in each
degree corresponding to qﬁt’f1 e t?\,” except a special consideration in low degrees (see Lemma
4.7). First we will consider two auxiliary spaces carried with C*—actions, which are root-stack
modifications of a certain orbi-P! bundle over Y (see §3.1) and the space of deformation to the
normal cone (see §4.1). We then apply virtual localization to express two auxiliary cycles (see
(3.7) and (4.3)) corresponding to the two spaces in graph sums and extract A~! coefficient and
A~2 coefficient respectively (where A is an equivariant parameter). Finally, the polynomiality
of the two auxiliary cycles implies that the coefficients must vanish, leading to the same type
of recursive relations (see also Proposition 3.4 and Theorem 4.2).

1.4. Outline. The rest of this paper is organized as follows. In §2, we introduce the concept
of admissible series in more details than the in the introduction and collect some background
on Gromov-Witten theory. In §3, we will give a recursive relation of an admissible series on
the Lagrangian cone. Based on this recursive relation, in §4, we will prove our main theorem.
In the Appendix, we carry out a detailed computation about edge contributions needed in the
localization formula in our proof.

1.5. Notation and convention. We work over the field C. Let D be an effective divisor of a
smooth stack X, we will denote the O(D) or Ox (D) to be the line bundle associated with D.

For any positive integer i, we will use the notation p; to mean the finite cyclic subgroup of
C* of order ¢, and use the notation [i] to mean the set {1,2,--- ,i}. For any rational number
a, we will use the notation e * for to mean the exponential exp( ‘/2_?“)

Let A be the equivariant class in HZ. ({Spec(C)}) corresponding to the stand representation
of C*. For any rational number ¢, we will write C;\ to be the trivial line bundle with a
C*—action of weight gq.

2. BACKGROUND ON GROMOV-WITTEN THEORY

2.1. Admissible series. Let X be a smooth proper DM stack over C with projective coarse
moduli and I, X := U,>11,, X be the associated rigidified (cyclotomic) inertia stack. For our
purpose, a finer decomposition of the rigidified inertia stack 7, 1 X is needed. Given a set of line
bundles Ly, -+, L, over X, we will choose a decomposition of the rigidified inertia stack into
open-closed components

X := |_| I.X
ceC

where C' is a finite index set for the decomposition which satisfies the following assumption:
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Assumption 2.1. For each ¢ € C and every C-point (z,9) € I.X, where x is a C-point of
X and g is an element in the isotropy group Aut(z), we will assume that the age function’
ageyLjl. and the order function ord(g) are all constant functions on I.X. Then we can define
age.L; = ageyLj|, and a(c) := ord(g), which are well-defined as they are independent of the
choice of the point (x,g) € I.X.

Moreover, we require that the index set C' hass an involution which is compatible with the
involution v : I, X — I, X sending (x,g) to (x,g~"') for any C-point (x,g) of I,X; namely, for
each index ¢ € C, there erists a unique index in C and we will denote it to be ¢~ such that
L(I_CX) = _Cle.

We will call an index set satisfying the above assumption a good index set.

Remark 2.2. We note that a good index set C' always exists (but may not unique), e.g., we
can decompose I, »X into connected components, which corresponds to the biggest good index
set. When X is a quotient stack [W/G] where W is a connected affine scheme and G is a finite
group, then we can choose the conjugacy class Conj(G) of G to be the index set C.

When Y is a substack of X, we will usually use C' to index I, 1Y as well, which is also a good

index set with respect to the restriction of line bundles Lq,..., L, to Y.
Let m be a nonnegative integer, for an (ordered) tuple m = {c1,---,cm} € C™, we will
denote

’Cg,ﬁz(Xvﬂ) =K gm X 6 mev

Here K4 (X, ) is the moduli stack of genus g twisted stable maps to X with m (not necessarily
trivialized) gerby-marked points of degree 8 as defined in [AV02] and ev; : ICg (X, B) — 1, X
is the evaluation map at the ith marking. Then /g ,,,(X, 3) can be written as a disjoint union

Kom(X,8) = | | Kgm(X,8).
meCcm

Sometimes, we will use the notation [m] U x (resp. 7 Ux) to mean [m + 1] (resp. m + ]) to
distinguish the m + 1-th marking, which we denote to be *.
Now we introduce admissible pairs:

Definition 2.3. Given a set of line bundles L1,--- , L, over X, a positive integer N and r
weights 17; = (w1, -+ ,WN;) € ng corresponding to each L;. Let C be a good index set. Let

ceC, k= (k, -, ky) € Zgo and B € Eff(X), where Eff(X) is the cone of effective curve
classes of X. we will call (5, E, ¢) an admissible pair if and only if

age.(L;) = B(L;) + (IT;,E) mod Z
for all line bundles L, where (w3, k) = > wijk;. We will denote Adm to be the set of all
admissible pairs.
Definition 2.4. Let

12 = S P f (2

(B,K,c)EEM(X)xZY; xC

be a formal series in H*(I,X,C)[z, 2~ |[t1, - ,tn] [[Eff(X)]] in which
foke € HN I X, Oz, 27

4Recall that if g acts on the fiber of L over z by multiplication by the number e?, where ¢ € Q, then we
define the age agey(Lj|z) to be {(g), which is the fractional part of q.
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We further put a (not unique!) Zo(= Z/27)-grading on each variable t;, which we denote the
grading to be t;. Note that we also require the super-commutativity:

tit; = (—1)bitgt, .
We will put a Zs-grading on H*(I:MX, C), which is induced from its ordinary cohomological
grading, and put even grading on Nowikov variables ¢° and z.
We will call f(2z) an admissible series if f(z) satisfies the following condition.
%
(1) f57.(2) =0 whenever (B, k , c) is not an admissible pair;
(2) fo5..(2)=0forallceC.
(3) f57.(2) belongs to the space HEikiti([, 1 X, C)[z], i.e., when Y kit; = 0 € Zo,
H> i kit (I.-1X,C) means the even degree part of the cohomology group of I+ X; when
Yokt = 1 € Zo, HXikti (I, 1 X,C) means the odd degree part of the cohomology
group of I.-1X.
Furthermore, let g € C[z], we say a formal series g+ f(2) is an admissible series near g if f(z)
is an admissible series as above. o N
For any pair (8, k) in Eff(X) x ZY,, we will write ¢°t* := Pt kY and call (B, k) an
extended degree.

Remark 2.5. Examples of admissible series include J—functions[Giv04] and I—functions in
quasimap theory[CCFK15, CFK14, Web18, Web21, Wan19]. Therefore admissible series consists
of a large class of objects studied in Gromov-Witten theory.

2.2. Background on orbifold Gromov-Witten theory. Now assume that X carries a
algebraic torus T action (can be trivial), we can define the so-called Chen-Ruan cohomology of
X, Given any two elements «q, g in the T'—equivariant

Heg (X, C) == H(I,X,C)

We can define the Poincaré pairing in the non-rigidified inertia stack I, X of X:

<a17a2>orb = / ~ Qaq - [/*Oég .
Peec ale)THIX]
Here ¢ is the involution of I X obtained from the inversion automorphisms of the band.
Therefore, the diagonal class [Af x| obtained via push-forward of the fundamental class by
(id,¢) : [.X — I.X x I.-1X can be written as

> al0)Anx] =Y ba ® 0" in Hj(I,X x I,X,C),
ceC «
where {¢q} is a basis of H¢g 7(X,C) with {¢*} the dual basis with respect to the Poincaré
pairing defined above. Set gapg = (¢a, d)ors and g*¥ = (¢, ¢)orp.

Denote by v; the first Chern class of the universal cotangent line whose fiber at ((C, q1, ..., ¢m), [2])
is the cotangent space of the coarse moduli C of C' at i-th marking g,- For non-negative integers
a; and classes o; € Hy(I,X,C), using the virtual cycle [Ko (X, 8)]V" defined in [LT98, BF97,
AGV08], we write the Gromov-Witten invariant:

<a11/;a1,...,oz QE‘IT")X,ﬁ ::/ evf"(oz')i/;fi.
e emd [Kg,ﬁ<x,ﬁ>Jvir1:[ o

When the tuple (g, 17, 3) gives rise to an empty stack ICg (X, ), we define the above integral
is zero.
We will also need the stablemap Chen-Ruan classes

(2.1) (evj)w = ta(rj(evs)),
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where r; is the order function of the band of the gerbe structure at the marking g;. Define a
class in H!' (I, X) = H3(I,X) by

(a1, ms =585 3= @) ([T evtan) N1Q5 (X, 8)1™)
— Z ¢a<a17 ceey Oy ¢a>8(,m+1ﬂ :

3. A RECURSIVE RELATION ABOUT THE LAGRANGIAN CONE

3.1. A root-stack modification of the twisted graph space. Let Y be any smooth proper
Deligne-Mumford stack with projective coarse moduli. Let L be a semi-positive line bundle over
Y, ie., B(L) > 0 for any degree 8 € Eff(Y). Denote by PY, , the root stack of the projective
bundle (also named twisted graph space®) Py (LY @ C) over Y by taking s—th root of the zero
section Dy := P(0 @ C) and r—th root of the infinity section Dy, := P(LY & 0). Let Dy and Dy
be the corresponding root divisors of Dy and Do, respectively, then the zero section Dy C PY, 4
is isomorphic to the root stack ¢/LY/Y with normal bundle isomorphic to the root bundle
(LV)*, and the infinity section Doy C PY, s is isomorphic to the root stack {/L/Y with normal
bundle isomorphic to the root bundle L+,
There are two morphisms

40,400 * ]P))/T,s — BC* )

associated to the line bundles O(Dy) and O(D,) respectively such that O(Dy) =2 ¢g(IL) and
O(Ds) = ¢, (L), where L is the universal line bundle over BC*. This will induce morphisms
on their rigidified inertia stack counterparts:

40,9 * I_ﬂ]P)Ytr,s — I_MBC* )

Note the rigidified inertia stack I, BC* of BC* can be written as the disjoint union

|_| I.BC* .
ceC~
Let ¢ be a complex number, any C-point of [.BC* is isomorphic to the pair (1c,c), where
1¢ is the trivial principal C-bundle over C and c¢ is an element in the automorphism group
Autc(1c) & C*. Let (y,g) be a C—point of I,PY, s, where y € Ob(PY;. (C)) and g € Aut(y).
Assume that ¢o((y,9)) = (1c, ¢), then g acts on the fiber O(Dy)|, via the multiplication by c.
We have a similar relation for gu.
Let pr,, : PY, s — Y be the projection to the base, which is a composition of deroot-
stackification and projection from Py (LY & C) to Y.
Now choose a good index set C' for qu satisfying the assumption 2.1. For each ¢ € C,
€0, Coo € C*, we will define the rigidified inertia component f(C7CO7CM)IP’YT7S to be

pr;;(ch) N qo_l(fCOIB%(C*) N q;ol (I._BC*) .

We also denote (¢, co, coo) ™t = (71,5t ).

Definition 3.1. For any degree 5 € Eff(Y) and rational number 6 € Qxo, we say a stable map
f:C — PY, is of degree (5, g) if (pr, 50 f)«[C] = B and deg(f*O(Dw)) = g. We will denote
Kom(PY; s, (B, g)) to be the corresponding moduli stack of stable maps to PY, 5 of degree (5, g)
Note that the line bundle O(Dy) is semi-positive.

5The terminology of “twisted graph space” is taken from [CJR17a, CJR17b], see loc.cits for some other
applications of the twisted graph space in Gromov-Witten theory.
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3.2. Localization analysis. Consider the C*—action on the projection bundle Py (LY @ C)
by scaling the fiber such that the normal bundle of Dy (resp. Do) in Py (LY & C) is of
C*—weight 1 (resp. —1). This C*—action induces a C*—action on PY; 4 such that the normal
bundle of Dy (resp. Do) in PY, , is of C*—weight % (resp. —%) Then we have an induced
C*—action on the moduli Ky 7 (PY; s, (5, %)) of twisted stable maps to PY,. ;. We will apply the
virtual localization formula of Graber-Pandharipande [GP99] to K 7 (PY;. s, (5, g)), for which
introduce the notation of decorated graph so that we index the components of C*—fixed loci of
Ko (PYr s, (B, g)) by decorated graphs (trees). First, a decorated graph I' consists of vertexes,
edges and legs with the following decorations:

e Each vertex v is associated with an index j(v) € {0,000}, and a degree 8(v) € Eff(Y).

e Each edge e consists of a pair of half-edges {ho, ho}, and e is equipped with a degree
d(e) € Q=p. Here we call hy and ho, half edges, and hg (resp. heo) is attached to a
vertex labeled by 0 (resp. 00).

e Each half-edge h and each leg [ has a multiplicity m(h) or m(l) in C'xC*xC*.

e The legs are labeled with the numbers {1,...,m} and each leg is incident to a unique
vertex.

By the “valence” of a vertex v, denoted val(v), we mean the total number of incident half-
edges and legs.

For each C*—fixed stable map f : (C;qi,...,qm) — PY,s in Koz (PY, s, (8, g)), we can
associate a decorated graph I' in the following way.

e Fach edge e corresponds to a genus-zero component C. which maps constantly to
the base Y and intersects Dy and Do properly. The restriction f|c, satisfies that
- deg(f|z, O(Dac)) = 5 - deg( ]85, O(Do)) = 8(e).

e Each vertex v for which j(v) = 0 (with unstable exceptional cases noted below) corre-
sponds to a maximal sub-curve C,, of C which maps totally into Dy, then the restriction
of f to C, defines a twisted stable map in

KO,val(v)( \/S LV/Y7 ﬂ(v)) :
Each vertex v for which j(v) = oo (again with unstable exceptions) corresponds to a

maximal sub-curve which maps totally into D, then the restriction of f to C,, defines
a twisted stable map in

KO,Ual(U)( T\/ L/Y,B(U)) .

The label 3(v) denotes the degree coming from the restriction pr, o flc, : C, = Y.

e A vertex v is unstable if stable twisted maps of the type described above do not exist.
In this case, we have 5(v) = 0 and v corresponds to a single point of the component C,
for each incident edge e, which may be a node at which C, meets another edge curve
C.s, a marked point of C,, or an unmarked point.

e Each leg [ labeled by ¢ corresponds to the ith marking ¢;, and it’s incident to the
vertex v if ¢; lies on C,. The index m(l) on a leg [ indicates the rigidified inertia stack
component Ifm(l)IP’Ym of PY, ¢ on which the gerby marked point corresponding to the
leg [ is evaluated.

e A half-edge h of an edge e corresponds a ramification point g € C,, i.e., there are
two distinguished points(we call them ramification points) go and ¢ on C, satisfying
that gp maps to Dy and ¢ maps to D, respectively. We associate half-edges hy and
heo t0 go and goo respectively. Then m(h) indicates the rigidified inertia component
fm(h)]P’Yr,s of PY, s on which the ramification point ¢ associated with h is evaluated.
We will write the edge e as {hg, hoo }-

Moreover, the decorated graph from a C*—fixed stable map should satisfy the following:
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(1) (Monodromy constraint for edge) For each edge e = {hg, hoo }, we have that m(hg) =
(71, e@7 1) and m(hs) = (¢, 1, e@) for some ¢ € C. Moreover the choice of ¢ should
satisfy that

d(e) = agec(L) mod Z
which follows from the fact that the ages of line bundles f|¢, O(sDy) and f|¢, (O(rDoo)®
pr,’i’SLv) at ¢oo should be equal, as the two line bundles on C, are isomorphic.

(2) (Monodromy constraint for vertex) For each vertex v, let I, C [m] be the set of incident
legs to v, and H, be the set of incident half-edges to v. For each i € I,,, write m(l;) =
(¢i,ai,b;), and for each h € H,, write m(h) = (cp, ap,bp). If v is labeled by 0, we have
that all b; and by, are equal to 1, and

(3.1 2 H a; X H at=1.

i€l, heH,

If v is labeled by oo, then we have all a; and aj, are all equal to 1 and

(3.2) T [T oix [T bt =1
iel, heE,

We will only consider decorated graph coming from a C*—fixed stable map. In particular,
we note that the decorations at each stable vertex v yield a tuple

— )
val(v) € (CxC*x C*)v®)
recording the multiplicities at every special point of C,.° Then the restriction gives a stable
map in
’Co’m(v) (Dj(v)a 6(”)) .
For each decorated graph I', we will associate each vertex v (resp. edge e) a moduli space
M, (resp. M.) over which there is a family of C*—stable maps to PY,. , with decorated de-
gree(there are exceptions for unstable vertexes v, see section 3.2.1 for more details). Denote by

Fr the space
H M, XI_MDO H M. Xl_uDoo H M.,

v:5(v)=0 eeE v:j(v)=00
where the fiber product is taken by gluing the two branches at each node. By virtual localization
formula [GP99], we can write

[’CO,H (PYT,& B)]Vir ’
in terms of contributions from each decorated graph I':

oy L, (F
(3.3) Ko (PYr.s, )] —;Ap - <eC*(N;“)) '

Here, for each graph I, [Fr|"'" is obtained via the C*-fixed part of the restriction to the fixed
loci of the obstruction theory of Ky 7. (PY;. s, 5), and NYI™ is the equivariant Euler class of
the C*-moving part of this restriction. Besides, Ar is the automorphism factor for the graph
T", which represents the degree of Fr into the corresponding open and closed C*-fixed substack
ir(Fr) in Ko 70, (PYr s, 8). In our case, Ar is the product of the size of the automorphism
group Aut(T') of T and the degrees from each edge moduli M, into the corresponding fixed
loci.

Assume that r,s are sufficiently large primes. We will do an explicit computation for the
contributions of each graph I in the following. As for the contribution of a graph I" to (3.3), one

6For each node of C, let h be the incident half-edge, then we define the multiplicity at the branch of node
at Cy to be m(h)~1.
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can first apply the normalization exact sequence to the obstruction theory, which decomposes
the contribution from I" to (3.3) into contributions from vertex, edge, and node factors.

3.2.1. Vertex contribution. Assume that v is a stable vertex. If the vertex is labeled by oo, we

define the vertex moduli M, to be K m(v)( w0, B(v)) and the fixed part of perfect obstruction
01)_>al('u)( oos B)). Let m: C — K, Wl(v)( s0s 3(v)) be the universal
curve and f : C — D be the universal map, then the movable part of the perfect obstruction

theory yields the inverse of the Euler class of the virtual normal bundle which is equal to

e (=R*m, f*L7) ® C.a).

theory gives rise to [K

When r is a sufficiently large prime and the multiplicity m(l) corresponding to each leg I
incident to v is equal to (¢, 1 ,—) for some prefixed §; € Qxo(note this implies §; < r) and
¢ € C, following a generalization of [JPPZ20] to the orbifold case, the above Euler class has a
representation

1, —A
> cal—Rem fr L) (=) EOI
d=0 "
Here the virtual bundle —R®7, f*L+ has virtual rank |E(v)| — 1, where |E(v)] is the number
of edges incident to the vertex v.
If the vertex v is labeled by 0, we define the vertex moduli M, to be ICO - U)(D B(v))

and the fixed part of perfect obstruction theory gives rise to [ — ai(v) (Do, B(v))]VEE. Let 7 :
C =Ky oal(v) (Dmﬁ(v)) be the universal curve and f : C — Dy be the universal map, then
the movable part of the perfect obstruction theory yields the inverse of the Euler class of the

virtual normal bundle which is equal to

e (—R*m f*(LY)

) ®C,).
Now assume that there is only one edge incident to v and the multiplicity m(l) corresponding
to each leg [ incident to v is equal to (¢, %l, 1) for some prefixed §; € Qxo(note this implies
4 < r)and ¢ € G. By [Wanl9, Lemma 5.2, Remark 5.3, the above Euler class is equal
to 1 when B(v)(L) > 0, we note here the semi-positivity of L is essentially used in the proof
of[Wan19, Lemma 5.2]. On the other hand, when S(v)(L) = 0, by the argument in the proof
of [Wan19, Lemma 6.5], the above Euler class is still equal to 1 there is a special point (we will
choose a node in our case) on C, whose multiplicity m satisfies that age,,O(Dy) # 0.

When v is an unstable vertex over 0 (resp. oo) let h be the half-edge incident to v, the
vertex moduli M,, is defined to be I, ()~ Do (resp. L n)—1 Do) with [M,]V" = [M,] and zero
virtual normal bundle.

3.2.2. Edge contribution. Let e = {ho, hoo} be an edge in I" with decorated degree d(e) € Q(we
will write d(e) as d for simplicity if no confusion occurs) and decorated multiplicities m(hg) and
m(heo). Assume that m(he) = (¢, 1, et ) denote a. := a(c) be the number as Assumption 2.1.
We define the edge moduli M, to be the root gerbe ***{/LV/I.Y over I.Y, then the virtual
cycle [M.]""" coming from the fix part of the obstruction theory is equal to the fundamental
class [M.] of M. and inverse of the Euler class of virtual normal bundle is equal to 1 when r
is a sufficiently large prime. We note that /\/l allows a finite étale map into the corresponding
fixed-loci in Ko 2(PY; s, (0, = 8(e) )) of degree —. See appendix A.2 for more details.

3.2.3. Node contributions. The deformations in Ky 7 (PY. s, (8, g) smoothing a node contribute
to the Euler class of the virtual normal bundle as the first Chern class of the tensor product of
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the two cotangent line bundles at the branches of the node. For nodes at which a component
C. meets a component C, over the vertex labeled by X, this contribution is

A_ CI(L) _ 17;’0

aeso(e) aeS

For nodes at which a component C. meets a component C, at the vertex over D, this
contribution is _
-A +c (L) _ Q/J'u
aerd(e) aer’
We will not need node contributions from other types of nodes as the above types suffice the
need in this paper.

3.2.4. Total contribution. For any decorated graph I', we define Fr to be the fiber product
H M, XTHDO H M. XTHDOO H M,
v:j(v)=0 e€E vij(v)=00
of the following diagram:

Fr

[[ Myx I Mex JI M,

v:j(v)=0 ecE v:j(v)=00

J{evmdes
- - (AOxA>)IZ] = =
[1(1,Do) x I,Doc ————[](1uD0)* x (1,Dsx)? ,
E

Clam

where A = (id,1)(resp. A> = (id,v)) is the diagonal map of I, Dy (resp. I, D). Here the
right-hand vertical map evyoq4es is the product of the evaluation maps at the two branches
of each node. We note that there are two nodes corresponding to hg and h., for each edge

€ = {ho, hoo}
We define [Fr]'I* to be:

H [Mv]Vir XTI, Do H[ME]Vir XTI, Deo H [Mv]Vir :
v:5(v)=0 eclE v:j(v)=00

Then the contribution of decorated graph I' to the virtual localization is:

H £ Se [Fr]vir
3.4 Contp = =€ . — ] .
(34 o = a7 v
Here vp : Fr — Ko 7 (PY;. s, (B, g)) is a finite etale map of degree % into the correspond-
e €

ing C*-fixed loci. The virtual normal bundle " (NE™) is the product of virtual normal bundles
from vertex contributions, edge contributions and node contributions.

3.3. Recursive relation. Take L; = L and r = 1 in 2.4 and write @ = w1 to be the weight.
Let u(2) = 55,4t 1y (%) be an admissible (power) series as in 2.4. We further require
that pu . € H* (I,-1X,C)[2] is a polynomial in z. For any admissible pair (3, k, ¢) in Eff(Y) x
Zgo x C, define J;/’E?C(u,z) to be

tg i o(2) + Coeff [ Z Z

m20 (8, &7 ;)T €Adm™ 8, EEF(Y)
(3.5) Bt +BmtBa=h
Tyt = R

1

(e tk_l> 7 tm n d)a Y
ﬁ(é < /’6,317]€_1>7C1(_w1)"" ) M/gm,m,cm(_wm)v 2—1;*>0’mu*”6* )
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— — — =
where M Ux = (c; -+ el ¢) € O™ kg = (kj, -+ ,kjn) and ki + -+ + ky, = k means
the component-wise addition in Zgo.

Remark 3.2. We can show that when (B,E, ¢) is not an admissible pair and we define
J;/? (i, z) in the same way as above, we have J;? (,2) = 0. Moreover J; ;. = 0. This
)¢ y R,C [

im)plies that J—function
I (g p,2) =2+ Z_; qﬁth;?,c(M,Z)
B,k e

associated with the input u(z) above is an admissible series near 2.

Definition 3.3. Let m,n be two nonnegative integers and (3, E, ¢) be an admissible pair. We
denote Aﬂ ©emn to be the set of tuples

— —
(07 ﬁ*’ ((Blu klucl)v e 7(6m+n7km+nucm+n))) S C x Eff(Y) X Admm+" s

" L 7 .
where we require that B, + Z;:{n f ,6, Z"ZHL k , Bi(L) 4+ (W, ki) >0 for1<i<m

and B;(L) + (u’i,g) =0form+1<i<m+n. We call an element of A stable if

By #0 orm+n > 2 when B, =0.

B,k,c,m,n

We note that Aﬁ,E,c,m,n is a finite set as Ko m+n (X, B) is finite type over C, hence Noetherian.

For any admissible pair (3, k,¢) with (L) + (&, k) > 0. We have the following recursive
characterization about J;? (i, 2).
s K€

Proposition 3.4. For any admissible pair (3, E, ¢) with (L) + (, E) > 0. Assume that r is
a sufficiently large prime. Then for any nonnegative integer b, we have the following recursive
relation:

o0

k
— [ Z Z Z m}n! (eﬁﬁ(Ze* (cd(—ROW*f*L%)(i)—l—rm—d(_l)d

m=0n=00€A; 2 . . =0 '
T s st’allee’
(3.6) ‘ m ev) (1 tk Jgf . (M,Z)|Z_A—§1(L))

» vir 1, i,Cq i

[KO,WLU*(W’ ﬁ*)] ) n H A—ev¥ei(L) w1

i=1 T +
m—+n N _ _
NI evi @ g g (—02) m/’iﬂ .
i=m+1 tEAT

%
Here 6; = Bi(L) + (W, ki), and € : Ky (/L)Y Be) = Ko . (Y, Ba) is the natural
structural morphism by forgetting the root structure of /L/Y (c.f.[TT21]), where we choose
the tuple m +n U for ICO U (/L)Y Bs) to be

—m4n

) (el e 7 ), (6, 1,e7)) € (CxCFxCHymHnl |

m—+n’

—51

((c1 ,1,e™™

and choose the tuple m m U for /C U (Y, By) to be

—1 —1 m-+n+1
(Cl " ,C,,L+7L,C) eC :
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The proof of the above proposition is based on applying virtual localization to the following
integral.

ki

> 5> BT (T vt (07 o (- 0)
m=0 (3. & i)™, EAdm™ B, EEF(Y) i=1

3.7 B3, Bi=p

3.7 i

B 5
B0 Ko s P (5 D)

Here an explanation of the notations is in order:
— —
(1) For d_e>grees B*,B_>1, -+, B in Eff(X) and tuples ki, - -+, ky, and with >, 8+ 8. = 8
and k1 + -+ ky = let (¢1,---,¢m) € C™ such that (8;,¢;) are admissible pairs.
Write §; = Bz(L) +
Sm

%
(W, k;) and § = B(L) + (W, k), we define m U= to be the m + 1tuple
((cfl,e?i, D, (et e, 1), (e 1,6%)) .
(2) the morphism EV, is a composition of the following maps:

KO,RU*(PYT,& (5*3 g)) i> Ii#]P’Y’TyS h’ j,uY 9

and (ET/;)* is defined by
L (T (EV3) )
Note here 7, is the order of the band from the gerbe structure of I, 1Y but not I uPY .
First we state a vanishing lemma regarding applying localization formula to 3.7.

Lemma 3.5. Assume r,s is sufficiently large. If the localization graph T' has more than one
vertex labeled by oo, then the corresponding fized loci moduli Fr is empty, therefore it will
contribute zero to (3.7).

Proof. For any twisted stable map f : C — PY,, in Koz (PY,s, (5, g)), denote N :=
f*(O(=Dw)), first we show that H'(C,N) = 0. Indeed, using orbifold Riemann-Roch, we
have
X(N)=1+deg(N) —age(N|g,) =0,

as deg(N) = —2, and age(N|,,) = 1 — 2, then showing H'(C,N) = 0 is equivalent to show
H°(C,N) = 0. As the degree of N is negative on C, it remains to show that the degree of
the restriction of the line bundle N to every irreducible component E of C is non-positive.
Observe that the degree deg(N|g) is equal to intersection number —([E], [Doo]). If the image
of an irreducible component of C' via f isn’t contained in D, the restricted degree of N to E
is obviously non-positive. Otherwise, observe that N is isomorphic to (L%)v over Do,. As L is
semi-positive, the claim follows. This finishes the proof of the part H*(C, N) = 0.

Now assume by contradiction that the moduli of fixed-loci Fr is nonempty, by the connect-
edness of the graph T, there is at least one vertex of the graph I' labeled by 0 with at least two
edges attached. Suppose f : C — PY, ; belongs to the moduli F1 of C*—fixed loci. Assume
that Cy N C1 N Cy is part of curve C, where Cy is mapped by f to Dy and Cy,Cy are edges
meeting with Cy at b1 and bs. Then in the normalization sequence for R*m, N, it contains the
part

H° (Cy, N)® H° (C1,N) @ H° (Cy, N)
—H (by, N) @ H° (by, N)
—H'(C,N).
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Hence there is one of the weight-0 pieces in H® (b, N) @& HO (b, N) that is canceled with a
weight-0 piece of H® (Cp, N), and the other is mapped injectively into H! (C,N), but this
contradicts that H*(C, N) = 0. So Fr is empty. O

Now we prove Proposition 3.4.

Proof of Proposition 3./. The proof is almost identical to the proof in [Wan19, §6.2], we here
sketch the main steps for the convenience of readers. First without loss of generality, we will

By Lemma 3.5, we only need to consider the decorated graph I' that has only one vertex
labeled by co. Note the marking g, corresponding to x is incident to the vertex v, due to the
choice of multiplicity at the marking ¢,, then the vertex v, can’t be a node linking two edges.
Such decorated graph is star-shaped, i.e., the vertex set V allows a decomposition

V:{v*}LlVb.

where the vertex v, is labeled by co, and all the vertexes in V| are labeled by 0. Each vertex
labeled by 0 is linked to v, by a unique edge. There are three types of star-shaped decorated
graphs:

(1) (Type I) The vertex v, is unstable and there is only one edge incident to v, in I'; the
unique vertex v labeled by 0 is unstable;

(2) (Type II) The vertex v, is unstable and there is only one edge incident to v, in I, the
unique vertex v labeled by 0 is stable;

(3) (Type III) The vertex v, is stable.

Denote by [, the degree of the unique vertex v, labeled by oco. Now let’s compute the
localization contribution from the above three types of graphs:

(1) If the graph T is of type I, the vertex over 0 corresponds to a marked point with input
I 7 o then the graph I' contributes

i A—ocCp (L)
¢ ¥ ) ) b
) ( ) )
0 (4.3). Note the use the fact that the restriction of the psi-class ¥, to M. is equal to
%M(see Remark A.4).
(2) If the graph T" is of type II, T" has the same description with type I except that the
vertex over 0 is stable. Then this type of graphs contributes

T (@) (€ (Kom.on (VY 51)

m)!
(Bj kysc;) ™ €Adm™ B, EEFE(Y)
/J’li)r---Jr[%ﬁ)rﬂ*jB
kit-tkm=k

m % - %(%)b
n ﬂ ev; (t ’,uﬁi’,g.yci(_ql)i)) N Aev*cl(L)zp)

(3.7), where 1, Ux = ((c] ", e, 1), (el e™,1), (¢c,e5,1)) € (OXC*C*)m+1,
Ux= (i ent,e) € ™ and

s&m

€ ICO,T?‘LSU*( \S/ LV/Y7 B*) — K:O,ﬁiU*(K ﬁ*)

is the natural structure morphism by forgetting root of {/LY/Y (c.f[TT21]). Note
here we implicitly cancel out a. factors from the node contribution and automorphic

38
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factor everywhere and use the fact that the Euler class of virtual normal bundle for the
vertex over 0 is equal to 1. It’s proved that

. 1 .
€. (Koo (VIVTY BT = ~[Ko,muon (Y B

n [TT21], then the above formula is equal to

1 1A=y

_ . N

Z Z m! <'u/317k1761( Y1), "uﬁm,mﬁm(_djm)’ A— Cl(L ’L/J

m20 (g, &7 ;)T EAdm™ B, EEF(Y) *
[31"1‘ +ﬁm+ﬁ* ﬂ
ittkm=k

>0 mUx,Bx *

(3) If the graph I' is of type III, then v, is incident to the distinguished leg corresponding
to the marking ¢, and m edges (m can be 0) and n legs. Each leg must be associated
—

with the input t* Ho c/(z:) with /(L) + (u')’,?) = 0, otherwise the support of the
twisted sector I,—1Y will avoid Ds,. Choose a labeling” of the m edges attached to the
vertex v, by [m] :={1,--- ,m}. Let % be the decorated degree associated with the ith
edge ¢;. Let v; be the vertex over 0 incident to e;, then v; can’t be a unstable vertex
of valence 1 as the corresponding ramification point gq is a stacky point, or it can’t be
a node linking two edges by Lemma 3.5. Therefore v; corresponds to either a marking
point or a stable vertex. Assume that there are [ legs (I can be zero) incident to v.
let’s label the legs incident to v; by {il,--- ,il} C [ |{Legs of T'}| |. Note that when v;
is unstable, [ = 1.

Assume that the vertex v; is decorated by the degree Bio. Assume that the insertion

(—i;) in (3.7), let’s

at the marking ¢;; on the curve® C,, corresponds to tk” Hg,,
H
say the leg for g¢;; has virtual extended degree (Bi;, kij) contrlbutlon to the vertex v;,

kij, c7

denote (3;, k;) to be summation of (8;0,0) and all the virtual degrees from the legs
incident to v;. We call (8;, k;) the total extended degree at the vertex v;. From (3.7),

one has . .
- =
Bet > Bi=p > ki=F

i=1 i=1

Assume the multiplicity of the half edge incident to C,, is equal to (cl_ ,e=,1), here
0; is the decorated degree associated with the edge e; and J; = age.(L) mod Z by 3.2.
Observe that to ensure such a graph I’ exists, one must have

(3.8) Bi(L) + (@, ;) = i .
Indeed, by orbifold Riemann-Roch Theorem, one has

H
61'0(L) Bz] 1])
d *O(D == d 7 .
eg(f*O(Do)lc,) > Z mo
Here the first term on the right hand is the age of f*O(Dy) at the node of C,,, and

the second term on the right is the sum of the ages of f*O(Dy) at the marked points
on C,,. As s is sufficiently large, one must have

& _ ﬁzo Zﬁ” 7])7

S

"Such a labeling is not unique, but we will divide m! to offset the labeling in the end.
8When v is unstable, we just take v to be g;1.



QUANTUM LEFSCHETZ THEOREM REVISITED 17

— —
which implies that 5;(L) + (W, k;) = d;. Note that this also imply that (5;, k;,¢;) is an
admissible pair.

Now we can group the edge-labeled decorated graphs by the set A de-

Bkcmn

fined in 3.3. For any element of A , we can naturally associate a group of

k ,c,m,mn

edge-labeled star-shaped decorated graphs such that the vertex incident to the edge
labeled by i has total extended degree (f;, k;) and the multiplicity at the half-edge

h; incident to v; over 0 is m(h;) := (0;1,6%,1). We may call an element ¢ :=
%
(¢, Bxs ((B1sk1,¢1), s (Bmtn, Kmtns Cman))) of Aﬁ,?,c,m,n a meta graph, and denote

all the (star-shaped) edge-labeled decoration graph associated to ¢ by T'.

Now we use the localization formula in §3.2.4 to compute the contribution from I'4 to
(3.7). Summing over the localization contribution of the vertex v; together with branch
of node h; at v; from all graphs in I'y, and pushing forward to fci—lY ~ fmhiDo along

Lo (evp, )« (recall that ¢ is the inversion map on Chen-Ruan cohomology H*(I,Y)), it
yields

E} A—c1 (L) > 1
¢ ’uﬁi,k_;,ci< d; ) + Z Z %
m=0 (8, k;.¢;) 7, EAdmM™ B, EER(Y)
BaA X, Bi=Bi
ket km =R
m
(600 (€ (oo (VEVY BII™) 0 ] et b, e, ) O Sz

0j8 s

which is equal to tk JY i (u, Z)| A e1(n) - Note here we use the fact the Euler class of

l)l

the virtual normal bundle for v; 18 equal to 1 as the node has nontrivial isotropy action
on the normal bundle Np /py, ,. Observe that all the edge-labeled decorated graphs in
I'y have the same localization contributions from the unique vertex v, labeled by oo, the
edge e; and the node over co incident to e;. Moreover the localization formula for any
graph in I'y, depends multi-linearly on the localization contributions of vertexes over 0,
then the localization from all meta graphs in Aﬁ,?,c,m,n to (3.7) yields the summation:

XYY (Ze* Rem L))o

m=0n= OI‘eA Toemm d=0

F1s stable
N
m evi(g-thid, o e 2)],_aaw)

Om-‘rnU* (VL/Y,B.)] ) ﬂH _A—eviei(L)
T

7"(51'

m—+n

n H ev; ,u/@ kzycz( wz))ﬂlbi) :

i=m-+1
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By the discussion above, we can write (3.7) in the following way:

2l ) - 1
KBk, ) Cl b —
o & 53 > 1 (€0
m=0 (g, &} ;)7L €Adm™ 3, CEF(Y)
Br B 4B =B

k14 +km=Fk
‘ m _) A ev cl(L))
([Ko,ﬁiu*(x ,B*)]Vlr N m e’l];‘(t Hg, % ("l m )\ evt 01(L) w )
i=1 *
(3.10) Y>> m!n!(ev*)*(Ze*(Cd( *m frLT)(— - )~ Lm—d
m=0n= OFGABkcmn d=0
T" is stable
14k
. m evi (Et 1J5L7k1701 (M Z)|Z:A7§1T(L))
N [ICOJn—JrﬁU*( 1\/ L/Y76*)]Vlr) N H A—evici (L) s :
i=1 e,
m+n - B B
0TI evi5uy g, (~F0)N z/;i) :
i=m+1

- —
As (3.7) lies in t* H*(I,Y,Q)[\], the coefficient of t* FA~1 term in (3.10) must vanish. Note
that the coefficients before A~! in the first two terms in (3.10) yields

oo

1 _ _ _
Z Z m'd) <M/817k1:cl( w )’ o ?Mﬂm)m)an(_qpm))¢awi>0,’rﬁU*,ﬁ*7
m=0 (8, &} ;)T €Adm™ B, EEF(Y)

/311; +57£>H3*_>ﬁ

kit tkm=k
=
which is the left hand side of equality in (4.4). Then we extract the coefficient of the t* A1
term in the third term in (3.10), this yields the term on the right hand side of (4.4) up to a
minus sign. This completes the proof of (4.4). |

3.4. Specializing Novikov degrees. When Y can be embedded into another smooth DM
stack X with projective coarse moduli and L is a restriction of a line bundle of X, which
we still denote to be [ by an abuse of notation. For any degree § € Eff(X), we will denote
Ko.m (Y, B3) to be the disjoint union’

|| Kom(Y,d).
deEF(Y)
in(d)=P

The same rule applies to the notation when we define Gromov-Witten invariants: for any degree
B € Eff(X), we will denote the Gromov-witten invariants

(- .>0Yﬁ1’5 = Z (- .>0Y’m7d )
dEEF(Y)1i, (d)=8

Now we replace the effective cone Eff(Y) by Eff(X) in the definition of A 5T com.n a0d the
recursion relation 3.6 and apply the rule of specialization of degrees, we can also apply the

same strategy of proving of proposition 3.4 to show the following variation of 3.4:

9t’s a finite disjoint union as Ko, m (X, B) is finite type over C, hence Noetherian.
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Proposition 3.6. Let
_ By
= Z q't Mﬁﬁ/}}c(z)
3, E c
be an admissible series in H*(1,Y,C)[z ][[tl, L tN][EE(X)]. For any integer b > 0 and ad-
missible pair (3, ?,c) with B(L) + (@, k) > 0, we have the following recursive relation:

[J;j]“c(ua Z)]z*b*1

= [Z Z Z n;nl(&}v*)*(ZE*(Cd(—R‘w*f*Li)(;\)Hmd(—l)d
m=0n=0T€cA s d—0

[3kcm,n

I" is stable

N
(3.11) m ev; ((%tk J;: - (,LL,Z)|2:A—§1'(L))
Komrin VLY, B.)] “H ot | L
704 T
m—+n B
a H ev} ( ¢z))ﬂ¢i)] N
i=m-+1 L

4. PROOF OF THE MAIN THEOREM

In this section, we will first assume that X is a smooth proper Deligne-Mumford stack with
projective moduli and Y C X is a smooth hypersurface such that the line bundle L := Ox(Y)
is semi-positive, i.e., B(L) > 0 for any degree 8 € Eff(X). Later in §4.4, Y will be assumed to
be a complete intersection associated to a direct sum of semi-positive line bundles.

4.1. A root stack modification of the space of the deformation to the normal cone.
Let Px := Px(C@C) be the trivial P! bundle over X. It has two section: one is the zero section
X :=P(0&C) C Px, and the other is the oo—section X, := P(C @ 0). We will introduce the
notation Py to the mean the divisor Py (C @ C) C Px.

Let 9 be the blow-up'’ of Px along Y, := X N Py. More explicitly, Q can be constructed
as a hypersurface in the projective bundle 7 : § := Pp, (LY & Op, (—1)) — Px associated to
the section z; - 7~ !(sp, ) — 22 - 7 1(sx,) of the line bundle Oz(1) , where sp, and sx, are the
defining equations of Py and X in Py, and z1, zo are the tautological sections of line bundles
7 (LY) ® Oz(1) and 7*Op, (—1) ® Oz(1) respectively. The space Q has four special smooth
divisors: 1, the strict transformation of Py, which we will still denote it to be Py; 2, the
exceptional divisor, which we will denote to be E and it’s isomorphic to the projective bundle
Py (LY @ C); 3, the strict transformation of the 0—section Xg, we will still denote to be Xy by
an abuse of notation, and it’s isomorphic to X with normal bundle equal to L, 4, the strict
transformation of the co—section X.., which we still denote it to be X,

Let C* act on Px by scaling the P'—fiber so that the weight of the C*—action on the normal
bundle of X in Px is —1. It induces a C*—action on Q with the C*—fixed loci Xy, X and
Dy:=PyNE.

We will consider the root stack R of Q by taking s—th root of Xy and r—th root of Py. We
will also assume that r, s are distinct primes. We will still use the notation Xy, X, F and Py
to mean their corresponding divisors in R after taking roots. We note E is isomorphic to PY;. 4
so that Dy := XN F is isomorphic to the root stack §/LY/Y and Dy := Py N E is isomorphic
to the root stack {/L/Y.

10T his space is known as (a compactification of) the space of the deformation to the normal cone, c.f., [Ful84,
ch5].
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The C*—action on £ induces a C*—action on R. We see that the normal bundle of X in R
is (C*—equivariantly) isomorphic to (Lv)% ® Ca, the normal bundle of X, in R is isomorphic

to C_j, and the normal bundle of D, in R is isomorphic to (L% ®C_r)®C,.

Let pr, ; : R — X be the morphism induced from composition of the following three maps:
(1) a morphism R — £ forgetting root structure; (2) the blow-down from Q to Px; (3) and the
projection from Px to the base X. Note pr,s induces a morphism from the rigidified inertia
stack 1, 4R to the rigidified inertia stack I uX.

There are two morphisms

quQOO:m%BC* )

associated to the line bundle O(Xjy) and O(Py) respectively such that O(Xy) = ¢f(L) and
O(Py) = ¢% (L), here L is the universal line bundle over BC*. This will induce morphisms on
their rigidified inertia stack counterparts:

40, Qoo : I_HER — fHIB%(C* ,
Note the rigidified inertia stack I, «BC* of BC* can be written as the disjoint union

|_| I.BC*

ceC~

Let ¢ be a complex number, any C-point of I.BC* is isomorphic to the pair (1¢,c), where
1c¢ is the trivial principal C-bundle over C and c¢ is an element in the automorphism group
Autc(1c) = C*. Let (y,g) be a C—point of 1,9, where y € Ob(PY, 4(R)) and g € Aut(y).
Assume that ¢o((y,g)) = (¢, ¢), then g acts on the fiber O(Xy)|, via the multiplication by c.
We have a similar relation for ¢.

Let C be a good index set for rigidified inertia stack 7, 1 X satisfying the assumption 2.1. Now
we will use the index set C' x C* x C* to index the components of the rigidified inertia stack
I_MD%: for each ¢ € C, ¢y, coo € C*, we will define the rigidified inertia component I_(C,CO’CW)SR to
be

pry s (I.X) N 4o (I, BC*) N gt (1. BC*) .

Definition 4.1. For any degree § € Eff(X) and 6,d € Q, we say a stable map f: C — R is
of degree (B,2,d) if (pr,, o f)«[C] = B, deg(f*O(Py)) = 2 and deg(f*O(Xs)) = d. We will
denote Ko 7 (R, (B, g,d)) to be the corresponding moduli stack of twisted stable maps to R of
degree (B, g,d). We note Kg 7 (R, (8, g,d)) is proper as the degree data uniquely determines
a homology class in Ha(R, Q). Indeed, dual to Ha(R,Q), we have Ho(R, Q)Y = H?(R,Q) =
H?(Q,Q), and, by the blow-up construction of Q, H*(Q, Q) is isomorphic to the direct sum

H?*(X,Q) & Q[Xs] ® Q[Py] ,

where [Py], [Xoo] (and [E]) are the fundamental classes of Py, Xoo (and E) respectively and the
first summand is embedded into H*(Q, Q) via the pullback pr;. ;. Note that we have r[Py]+[E] =
pri([Y]) in H2(R,Q). We also note that O(X,) is semi-positive, thus we can assume that
d>0.

4.2. Localization analysis. The C*—action on R induces a C*—action on the moduli of stable
maps to R, we will use decorated graphs (trees) to index the components of C*—fixed loci of
Ko.m (R, (8, g, d)) similar to 3.2. The decorations on a graph I is given by the following data:

e Each vertex v is associated with an index j(v) € {Xo, Do, X0}, and a degree (v) €
Eff(X). In particular, we will also say the vertex v is labeled by 0 if j(v) = Xy and is
labeled by oo if j(v) = Deo.
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Each edge e consists a pair of half-edges {h;, h; }, and e is equipped with two numbers
d(e),d(e) € Q. Here we call hj and h;: half edges and the subscript j or j’ is taken in
the set {Xo, Doo, Xoo }- A half-edge h; labeled by j is incident to a vertex labeled by j.
Each half-edge h and each leg I has an element m(h) or m(l) in C'xC*xC*.

The legs are labeled with the numbers {1,...,m} and each leg is incident to a unique
vertex.

For j € {X0,Doo, X0}, we will use the symbol R; to mean the space j. By the “valence”
of a vertex v, denoted val(v), we mean the total number of incident half-edges and legs. For
each C*—fixed stable map f : (C;q1,...,qm) — R in Ky 5(R, (Bs, g,d)), we can associate a
decorated graph I' in the following way.

Each edge e corresponds to a genus-zero component C, of restricted stale-map degree
(0, 6(f),d(e)). Thus f maps C. constantly to the base. There are two distinguished
points(we will also call ramification points) ¢; and ¢, on C, satisfying that ¢; maps to
R, and ¢; maps to R, respectively. There are two corresponding half-edges h; and
h; associated to g; and g respectively.

Each vertex v for which j(v) (with unstable exceptional cases noted below) corresponds
to a maximal sub-curve C,, of C' which maps totally into Aj, then the restriction of f
to C defines a twisted stable map in

ICO,val(v) (%j(v)7 5(1})) .

The label 3(v) denotes the degree coming from the composition pr, , o f|c, of the
restriction and projection to the base.

A vertex v is unstable if stable twisted maps of the type described above do not exist.
In this case, v corresponds to a single point of the component C, for each incident edge
e, which may be a node at which C, meets another edge curve C./, a marked point of
Ce, or an unmarked point.

The index m(l) on a leg [ indicates the rigidified inertia stack component fm(l)m of R
on which the gerby marked point corresponding to the leg [ is evaluated.

A half-edge h of an edge e corresponds a ramification point g € C. such that f(q) € R,
if h is labeled by j. Then m(h) indicates the rigidified inertia component fm(h)ﬁ% of R
on which the ramification point ¢ associated with A is evaluated.

Moreover, the decorated graph from a fixed stable map should satisfy the following:

(1)

(Monodromy constraint for edge) For each edge e = {hg := hy,, hoo := hp__ } linking
Xo and D, we have that m(hg) = (c’l,e@,l) and m(he) = (c,l,e@) for some
c € C. Moreover the choice of ¢ should satisfy that

d(e) = agec(L) mod Z ,

which follows from the fact that we have an isomorphism of line bundles f[¢, O(sX) =
fl&, (O(rPy) @ pry ,LY) on C, and then the ages of both line bundles at ¢, should be
equal.

(Monodromy constraint for vertex) For each vertex v, let I, C [m] be the set of incident
legs, and H, be the set of incident half-edges. For each i € I,,, write m(l;) = (¢;, a4, b;),
and for each h € H,,, write m(h) = (cp, an,bp). If v is labeled by 0, we have that b;, by,
are equal to 1, and

B _
e - xHaixHahlzl.

iel, heH,
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If v is labeled by oo, then we have a; and aj are all equal to 1 and

e_wxnbix [Io.'=1.

i€l, heE,

In particular, we note that the decorations at each stable vertex v yield a tuple
—
val(v) € (C x C* x C*)val®)

recording the multiplicities at every special point of C,. Then the restriction gives a stable
map in

’Co,m(v) (S}{j(v)’ ﬁ(’l})) .

Assume that r, s are sufficiently large primes. We will do a similar localization analysis as
in §3.2.

4.2.1. Vertex contribution. Assume that v is a stable vertex, the localization contributions for
X and D, repeat the discussions for Dy and D, in 3.2.1 with the replacement of the words
Dy and Dy, by Xy and D, respectively, and one additional change that the inverse of the
Euler class of the virtual normal bundle for D, should be equal to

Y eal=Rem (L)) FI

r
d>0

If v is a stable vertex labeled by X, then the vertex moduli M, is given by ’Co,m(v) (X oo, B(0))
and the fixed part of perfect obstruction theory gives rise to [Ko,m (v)(XOO, B(v))]¥. The mov-
able part of the perfect obstruction theory yields the inverse of the Euler class of the virtual
normal bundle which is equal to %1

When v is an unstable vertex over 0 (resp. 00), let h be the half-edge incident to v, the vertex
moduli M, is defined to be I,,(y-1Do(resp. Ly, (p)-1 Do) with [M, V" = [M,] and Euler class
of virtual normal bundle equal to 1 (resp. 3).

4.2.2. Edge contribution. Here we will only consider the type of edges linking the vertex labeled
by Xo and the vertex labeled by D., as it is only the type of edge which appears in the
localizaiton contribution of 4.3, see Lemma 4.3 for more details.

Let e = {ho := hx,,hoo := hp_} be an edge in I' with decorated degree d(e) € Q and
decorated multiplicities m(hg) and m(heo). Write m(hs) = (¢, 1,e®)7 let a. := a(c) be the
number as Assumption 2.1, we will also write a as a. for simplicity if there is no confusion.
Then we define the edge moduli M, to be the root stack ***Q/LV/I.Y. Then the virtual cycle
[M_]?"" coming from the fix part of the obstruction theory is the fundamental class [M,] and
the inverse of the Euler class of the virtual normal bundle is Hi_:ll_L_é(e)J (/\—&-ﬁe)(cl (L)-X\)).M
In practice, we will use an equivalent form

3 I @+ -n252)

0<j<5(e)

We note that M. allows a finite étale map into the corresponding fixed-loci in Ko 2 (R, (O, 3(e) ,0)
of degree é See appendix A.2 for more details.

11Hcro, for any rational number ¢, we denote |g| to be the largest integer no larger than q.
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4.2.3. Node contributions. The deformations in KCq 7 (2R, (83, g, 0)) smoothing a node contribute
to the Euler class of the virtual normal bundle as the first Chern class of the tensor product of
the two cotangent line bundles at the branches of the node. For nodes at which a component

C. meets a component C,, over the vertex Xy, this contribution is

A - Cl(L) - Q;Z_}v
a.s0(€e) ae$

For nodes at which a component C. meets a component C, at the vertex over D, this
contribution is B
_A + C1 (L) _ 1%

acrd(e) aer

There is also one dimensional piece from deformations of maps (corresponding to the normal
direction of E in MR) at the node over Dy, which contributes % as the Euler class of the virtual
normal bundle to the localization.

We will not need node contributions from other types of nodes as the above types suffice the
need in this paper, see Lemma 4.3 for more details.

4.2.4. Total contribution. Here we will only consider two types of graph: (1) all edges in T
connects Xg and Dyo; (2) T has only one vertex labeled by X, and no edges. They are all we
need in the later localization analysis(see Lemma 4.3 for more details).

The localization contribution from the decorated graph of type (2) is

[Mv]vir
N
For any decorated graph I' of type (1), we define Fr to be

H MU XI_“XO H ./\/le XI_;LDOO H ./\/lv

v:j(v)=0 ecE v:j(v)=00

of the following diagram:

Fr [T Myx [ Mex I M,
v:j(v)=0 eckE v:j(v)=o00
ievnodes
_ _ (ADXAOO)\E| _ 9 _ 9
I X0 x 1 Doe) ————=[1(1uX0)* x (1,Doc)* »

where A® = (id,¢)(resp. A> = (id,.)) is the diagonal map of I, Xy (resp. I,Ds). Here the
right-hand vertical map is the product of evaluation maps at the two branches of each gluing
node.

We define [Fy]'I* to be:

H [MU]Vir XTI, Xo H[MC]VH XTI Deo H [Mv]Vir :
v:j(v)=0 eceE v:j(v)=00
Then the contribution of decorated graph I' to the virtual localization is:
H B S0, [F[‘]Vir
4.1 Contr = =€ . — | .
) o = a7 e (v

Here tp : Fr — Ko m (R, (B, g, d)) is a finite étale map of degree %
e€ €

into the corresponding

C*-fixed loci. The virtual normal bundle e© (NE™) is the product of virtual normal bundles
from vertex contributions, edge contributions and node contributions.
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4.3. Auxiliary cycl_e). Take L1 = L and r = 1 in 2.4 and write w to be the weight. Let
pX(z) = Z,@Ecqﬁtkﬂglgc(z) be an admissible series in Hy (X, C)[2][t1, -+ , tn][EF(X)].
For any triple (3, k,c) € Eff(X) x Zgo x C, we define J;gz(ﬂ&z) to be

(4.2)
1 e _
(ﬂéﬁs,C(z) + Coeff,; [ > > R (<),

m20 (8, &} ;)T EAdm™ B, EE(X)
Bi++PBm+B«=8

X e O ]) T (@@ )+ @R - )2)

m+Cm y—
¥ 0<G<B(L)+(,F)

where 7 Ux = (7' ent,c) € C™FL. We note that JXOtw = 0, then the formal series

7m7
sC

X tw 8 Xt’w X
JHM (g, —z—i—th Jﬁkc )
B.kc

associated with the input u~ (z) above is an admissible series and near 2.

For any admissible pair (3, k,c¢) with (L) + (&, k) > 0, denote § = B(L) + (&, k). Assume
that 7, s are sufficiently large primes. For any nonnegative integer b, we will also compare (3.7)
to the following auxiliary cycle:

3 Lo (TT s (e B .
Z Z W(EV*)* <H evi (prns(th#gi’k:yCi(7,1/}7:)))
m=0 (ﬁi,kj,q)eAdmm ,Bx €EEff(X) i=1
(4.3) Bt T, Bi=P

ERT
/s g vir
L0 K 51 5, )] )

Here an explanation of the notations is in order:
— —

(1) For degifes ﬁ*,ﬁl,‘;- ,Bg in Eff(X) and tuples k1, - , k;, in Zgo_vyith Yo Bit B =
Sand k1 + -+ kn = k, let_>(cl,-~~ ,Cm) € C™ such that (f;, ki, ;) are admissible
pairs. Write 6; = 8;(L) + (W, k; ), we define 7 U * to be the m + 1tuple

S

((cfl,ef, 1),--- ,(c;ll,e%7 1), (e, 1,eg)) .

(2) Note I,,, R is canonically isomorphic to I.Y x P!, it has a natural projection map

p: 9% — LY. Let EV, be the morphism Wthh is a composition of the following
maps
Ko gion(R. (81, 2,0) == Iy R —> LY .
Then we define (EV,), to be
L (T4 (EV3) )

as in72.1. Note here 7, is the order of the band from the gerbe structure of I, nY but
not I,R.

Applying C*—localization to the 4.3, we will prove the following:
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Proposition 4.2. With the notation as above, for b > 0, we have the following recursive
relation:

- 7X,
i T (%, )

SIXY Y @ (Celrm g iy

m=0n=0 FEA&? d=0

,e,m,n

T" is stable
—
(4.4) ' m evj(aiii*t’“'iJ;’?cv(uxyz)|Z:A7c1<L>)
’C N (m ﬁ )]Vll‘) ﬂH i3R5,Cq _ S
N [ 0,m+nUx I A—evici(L) + bi
i=1 s, U

m—+n — _ _
) H evf(tkiugﬁ C(—qﬁz))mwi)} o
L Ly t>\—

i
i=m-+1

Here 6; = B;(L) + (ulz), and € : Ko (L)Y, B2) = Kool (Ys Bi) ds the natural

0,m+nUx
structural morphism by forgetting root-gerbe structure of {/L/Y (c.f.[TT21]), where we choose

the tuple m +n U x for IC, mU*({/L/Y,B*) to be

-5 - -8, 41
7‘1)7"' v(cmi-naLe - ”)7(0’176

3
T

((cfl,l,e

and choose the tuple m +nUx for K, m—>+nU*(Y, By) to be

)) € (CxC*xC*ymtntt

—1 —1 m—+n+1
(1 s Cmgn ) €C )

Our main strategy to prove this is to apply C*—localization to the integral (4.3) and then

extract the A\ ~2-coefficient(or equivalently t?/\’Z—coeﬂicient). Using the polynomiality of (4.3),
we have that the A™2 coefficient must be zero, which yields the desired result. To simplify the
localization calculation, we need the following two lemmas which limit the types of localization
graphs one need to consider.

Lemma 4.3. Let I be a decorated graph for Koz, (R, ( ,g,())). If the corresponding fixed

loci FT is non-empty, then there is no edge of T' linking Do and X~ and no edge of T' linking
Xo and X .

Proof. Let f : C — R be a C*—fixed stable map in K 70, (R, (5, g, 0)), we have the pairing
(£([C)), [Xx]) = 0. For each stable vertex v, obviously, we have the pairing (f.([Cy]), [Xso]) =
0. If e is an edge, there three possibilities:

(1) The edge e links a vertex labeled by Dy, and Xo.
(2) The edge e links a vertex labeled by X, and X .
(3) The edge e links a vertex labeled by Do, and Xj.

In the first two cases, we have the pairing (f«([Ce]),[X0]) > 0, while in the third case, the
pairing (f«([Ce]), [Xo]) = 0. As the total degree of f*O(X) on C is zero, we see that the
degree of the restriction of f*O(X) to each component C,, or C. must be zero, which implies
that there is no edge linking D,, and X, and no edge linking Xy and X . (I

Remark 4.4. The above lemma also works for the case when 6 = 0, and the proof is verbatim.

By the above the discussion, they will only be two types of graphs which will contribute to
the integral (4.3): (1) all edges in ' connects X and Doo; (2) T' has only one vertex labeled by
X+ and no edges. Now let’s assume the graph I is of type 1, we have the following lemma by
using a similar argument as in Lemma 3.5 by using the line bundle N := f*(O(—Py)).
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Lemma 4.5. Assume r,s is sufficiently large. If localization graph T' has more than one
vertex labeled by Do, then the corresponding C*— fized loci moduli Fr is empty, therefore it will
contribute zero to (4.3).

Now we are ready to prove Proposition 4.2.

Proof. If a localization graph I' has a vertex labeled by X, by Lemma 4.3, there will be no
edges in I'. Then T is made of a single vertex. Such type of graph will contribute

(4.5)

-1 1 — _ — _ ¢
By > X (), X (), s

m! Bmkm Cm z — '(/}*
m}O (Bj7k—>j7cj);ﬂ=1€Adm7”
B+ €EMf(X)
51;':- +67n+6*_)6
ki+-- +km,7k:
to 4.3.

The other type of graph which contributes to (4.4) must satisfy that all the vertexes are
labeled by either 0 or co and all the edges only link Xy and D.,. Using Lemma 4.5, we can
apply the same strategy of the Proposition 3.6 to do the localization computation. Denote v,
to be the only vertex of I' labeled by oo, then the remaining types of localization graph is a
star-shaped graph introduced in the proof of 3.6 and can be sorted as below:

(1) (Type I) The vertex v, is unstable and there is only one edge incident to v, in I'; the
vertex v labeled by 0 is unstable;
(2) (Type II) The vertex v, is unstable and there is only one edge incident to v, in T', the
vertex v labeled by 0 is stable;
(3) (Type III) The vertex v, is stable.
The graph of type I will contribute

1 7 A—a(l)y, A—all)y .o x
(4.6) ﬁt (?) : H (Cl(L) + (6 - J)f)l H’B’EC(#)
0<y<é
to 4.3.
The graph of type II will contribute

A—ac1 A=
N ) I RACE R S D

0<j<s M0 (5, )™ €Adm™
5 EBI(X), 5, Bit5.=8
(4.7 S —E
m
. P - evy Pa
¢( / et (5 X (=G U A) |
o, mus (.81 };[1 L ke azevial® _ 4,

to 4.3.

The graph of type IIT will contribute

EZZ Z 7711'71' (e0y)« <Ze* Rm, f* L+ ) :\) 1+m—d
m=0n= OFeA — d=0

,k,e,m,n

Ti 15 ‘stable

m_ ev; (5 z*t’~C JXtw (Z)|Z_Af§71(L>)

(4.8) e m Bi Kisci =
0m+nU* VL/Y,B)] mH _A-eviad) 4y

7"67; -

m—+n

0 T et g Cinit)

i=m-+1
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to 4.3.
Note that the sum of 4.6 and 4.7 is equal to

1 -k ? b X, tw
B\ t" (2 -J&E,C(z)ﬂz:xfcél(m ,

N
of which the t ¥ A\=2—coefficient is equal to

T )

Indeed, expand J;(Etw(z) into Laurent series in z:

s
X, tw

i z) =t 2Ko + Ky 2T K

o
we see that the 2=~ —coefficient of J;(E“C"(z) and t ¥ \~2—coefficient of

1 - ? b Xt
52 (t -z "]&E’l:(z))lz:kfcal(")

are both equal to Kpo.
Now our agxiliary cycle 4.3 is equal to the sum of 4.5, 4.6, 4.7 and 4.8. By the polynomiality

oi 4.3, the t* A\=2—coefficient of the auxiliary cycle is zero, which implies that the sum of
t ¥ A2 —coefficient of 4.5, 4.6, 4.7 and 4.8 is zero, which proves the proposition 4.2. (I

4.4. Statement of the main theorem and proof. With the notations in this section, now
we state our main theorem:

Theorem 4.6 (Main theorem). Let X be a smooth proper Deligne-Mumford stack with pro-
jective coarse moduli. Let E := @®7_,L; be a direct sum of semi-positive line bundles over
X with a regular section of E which cuts off a smooth complete intersection Y C X. Let

N
uX(z) = Z(B,?,c)eAdm qﬁtkugéfc(z) be an admissible sem'_es and :]X’tw(q,,ux,z) be the hy-
pergeometric modification of JX (q,u”~,2) as in 1.3. Let i : 1,Y — 1, X be the inclusion, then
the series i* JX'(q, u, —z) is a point on the Lagrange cone of Y. More precisely, for any
admissible pair (8, k ,¢), if we define

)= [ 6N T T () + (B + (5, k) —m)2)]

I=Lo<m< B(L;)+(u; k)

to be the truncation in nonnegative z—powers. Here J;(E . is defined in 3.5. Write

; — kXt
pg ) = Y ()
(B,?,c)GAdm

Then for any integer b > 0, we have the following relation:
- w 7 X, tw
(4.9) Y 5 D) = [ (X )

As pt is also an admissible series in H*(I,X,C)[z][t1, -, tn][Eff(X)], by induction on
the number of line bundles, it’s sufficient to prove the case when Y is a hypersurface. Now let’s
assume that Y is a hypersurface and use the notations in previous sections.

We will first prove 4.9 for any admissible pair (5, ?, ¢) with 8(L) + (, E) = 0. Note in this
case we have /LXEt“C)(z) = “?E c(z)

We will ad0p7t7 the convention that for any Substach of R and ¢ € C, Weﬂwill write
I.Z .= 1,Z N I1,1)Z. Now fix an admissible pair (3, k,c) such that (L) + (w,k) = 0, we
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have age.L = 0. Then I.Y is proper hypersurface of I, X with normal bundle L.'? Recall that
the divisor E of R is isomorphic to PY,. 5, Denote by prfs : E — Y the projection to the base,
which induces a morphism on the corresponding rigidified inertia stacks, which we still denote
to be prf,. We have I, -+ E = (prf,)~*(I.-1Y) and I+ E is a hypersurface of I,-19R.
ki ? _ _ %

Denote by ig the inclusion from I,-1E to I,-19R. For any admissible pair (8, k,c¢) with

B(L) + (W, k) = 0, consider the following class
= 1
> (ot 0 i% o (7).
m=0 (g, kl ), EAdm™
Bx+2271%, Bi=B, B EEM(X)

(4.10) k4t km=k

(oston 38, 5.00,00 2 0 [ (67 (-0 )
=1

— — —
Here for any Sy, 81, , Bm, k1 7km_a;ld €1, Cm such that (8;, ki, ;)™ € Adm™ with

_>
S Bi+ B =pand ky + -+ ky, = k, we associated an element in (C'x C* x C*)™*!
mUx:= ((c;h1,1), -, (e' 1, 1,), (¢, 1,1)) .

i% is the Gysin pull-back from the (equivariant) cohomology of I, (c-1,1,1) R to the (equivariant)
cohomology of f(671,171)E. Note that §;(L) + (u, k::) =0forall 1 <i<m,

— -
Lemma 4.7. For any admissible pair (8, k ,c¢) with 8(L) + (W, k) = 0, let b be an nonnegative
integer, we have

Yz (g™ o)) = [0 (@™ 2)]e o

where ©* is induced from the inclusion from I_MY to I_MX.

Proof. We will apply C*—localization to 4.10. First we claim there are only two types of
localization graphs contributing to the integral (4.10): 1, the localization I'; has only one
vertex and it’s labeled by Xg; 2, the localization graph I's has only one vertex and it’s labeled
by Dy . Indeed, there is no vertex labeled by X, as the marking ¢, must go to the divisor
E to make nonzero localization contribution to 4.10. Furthermore, as deg(f*O(Py)) = 0, we
claim there is no edge linking Xy and D,. Indeed, recall that we only need to consider edge
curve C, linking X and D, by Lemma 4.3 (see also Remark 4.4). then the claim comes from
that the line bundle O(Py) is of nonnegative degree restricting to all vertex curves C,, and of
positive degree restricting to all edge curves C.. The localization contribution from I'; is equal
to

(4.11)

* > 1 _ o0 i} L
(prfs)* OZEO(LXO)*|:Z Z W(ev*)*(Z(cd(_R.ﬂ'*f (Lv)s)(
m=0 (8, %1 ,ci), EAdM™
Bx 3072, Bi=, B CBR(X)
ki+-Fkm=k

)—1—d

w | >

m

A Komn (X0, 81) 0 [ ot ort ot (<50 042 |.

i=1
Here tx, : I+ Xo — I.-1QRis the natural inclusion and (et ), is a morphism from HE (Ko mux (Xo, Bx))
to Hi. (I.-1Xo) as defined in 2.1.

12Here the normal bundle is a pull-back of the line bundle L along the natural morphism from I, X to X by
sending (z, g) to z.
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We have the following commutative diagram where the upper square and outer square are
Cartersian:

— i‘po

IC—1D0 I I_C—lXQ

iprfs lprr.s

LY —>T.X.

Here 7 is induced from the inclusion from Dy to X and ¢p, is induced from the inclusion from
Do to E. As the age age.(L) = 0, all rows are regular embeddings of codimension one. Then by
the commutativity of the proper push-forward and Gysin pullback for the upper square, 4.11
is equal to

(4.12) (P2, 0 1py )uity (tpy ) [+ -

Here the dots inside the big square bracket copies the stuff in the big square bracket of 4.11.
Using the outer square, 4.12 is equal to

(413) i;(prr,soLXo)*[“.]'

As the composition pr, ;otx, is induced from natural de-root stackfication of Xo = /LY /X,
(Pr, 5 © tx,)« is the identity map on cohomology groups as it induces an identity map on their
coarse moduli spaces and the cohomology group of an orbifold is identified with the cohomology
group of its coarse moduli space (see [AGV08] for more details). Therefore 4.13 is equal to

Z*|:Z Z 771'(671;)*(Ze*(cd(_R'ﬂ-*f*(LV)i)(i‘)_l_d

— — ; . * —
m=0" (g, ki e, €Adm™ d=0

Bu+321 ) Bi=8, B €EM(X)
. i - - _
A Komon (X0, 501%) 0 [T ot Rk o (0t )|
1=1

where € : Ko mux(Xo, Bx) = Ko,mux(X, y) is induced from the natural structural map forget-

ting the root of Xy = ¢/LV/X.
The localization contribution from I's is equal to

(4.15)
1 s 1 0 o
X(prf“’)* o i o (iDm)*{Z Z W(@)*(Z(Cd(—R'mf*Lr)(r)1d
m=0 (Bi,a,ci)?;l €Adm™ d=0
B+ EEF(X), But> ™, Bi=0
kit k=K

Ko (VT 501 1 T evt 67 % e (0001 02|
=1

Hereip : [.-1Doo — I,-1NR is the inclusion and (€, ). is the morphism from H* (Ko zux(Doos Bx))

to H*(I.-1Dw) as defined in 2.1. The inclusion ip__ can be rewritten as the composition of
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two inclusions tp__ : [,-1Deg = [,-1E and ip : [,-1 E — I,-1%. Then we have

(prZ,). 0 i 0 (ip.)- { : }

> =

1
= <~ (prly)s oip o (ip)so (tp )|
- S0t -]

= (prf,). (0. { . }

Here the dots inside the big square bracket copies the stuff in the big square bracket of

4.15. The second equality in 4.16 uses the fact that the morphism i} (ig)« : HE. (Io-1 E) —
H¢.(I.-1 E) is equal to the multiplication map by eC(
formula, which implies that i};(ig)« acts on the space (tp, )« H (Do) by multiplication by A

as eC*(Nfc—ly/fc—lm)hfc_woo = A. Finally 4.15 becomes

> > @ (Ll rm L)

NfC7ly/f67lm) using excess intersection

m=0 (8, ki ;)7 €Adm™ 8, EEFF(X) =0
Bt Bi=p
4.17 i=1{
(4.17) fr ootk =k

Koo (VETY B1") 0 [[ ot 67k . (-0 )
=1

using the morphism € : Ko mux(Doo, Bx) = Ko,mux(Y, Bx) induced from forgetting the root of

Do & /L)Y,
Now taking A~! coefficients of the contributions 4.14 and 4.17 from I'; and I's, their sum is
zero by polynomiality of 4.10, this finishes the proof of (4.9) with the help of the fact

e (Ko oy (VETTX, B = = Kooy (X, 8]

vir 1 vir
€x ([ICO,mU{*}( \T/ L/Y; 6*)] ) = ;[K:O,ﬁiu{*}(}/a ﬁ*)]
proved in [TT21]. O
Now we are well prepared to prove the main theorem 4.6:

Proof of the main theorem /.6. Since X has projective coarse moduli, there exists a positive
line bundle M on X, i.e., (M) > 0 for all nonzero degree 8 € Eff (X). Let’s prove the relation

4.9 by induction on the nonnegative rational number e := S(M) + |k.'"> When e = 0, we
have (8,k) = (0,0), then Jgfﬁc(i*ux’tw,z) = Jg%tz"(uX,z) = 0. Now suppose the relation 4.9

holds for all admissible pair (8, ?, ) with 8/(M) + |E’>| < e for some positive rational number
e, it remains to show the relation holds for any admissible pair (3, ?, ¢) with S(M) + |?| =
e. If p(L)+ (u’i,?) = 0, by Proposition 4.7, the relation holds (note in this case, we have
T 2) = J;(,E,c(“’ z)). Otherwise, we use the recursive relations 4.4 and 3.11; in which the

ﬁ,E,c
terms corresponding to the element I' € A BT cmm with 8, # 0 are the same as their inputs

%
are associated with the extended degrees (5;, k;) with §8;(M) + |k;| < e, which are the same
by induction assumption. We are left to show that the terms in 4.4 and 3.11 corresponding

LHere k| = >k
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to the element I' € AB T emmn with 8, = 0 are the same. Note m +n > 2 as I' is stable
and Jgﬁc(i*uxvtw,z) = Jg%t:j X, 2) = 0, then we can still use inductive assumption. This
completes the proof. O

Remark 4.8. The above proof can also be extended to the equivariant case, where we assume
that X has an algebraic torus T'—action which preserves Y. Since we don’t have a particular
application in mind, we will leave the details to the interested readers.

Let {¢o} be a graded basis of H*(I,X,C) such that ¢ € H*(I.X) for some ¢ € C. Let {to}
be a coordinate system of H*(I, X, C) corresponding to the basis {¢}. We also put Zs-grading
on {tq} according to ¢,. Then we have the following:

Corollary 4.9. Let i : fMY — fHX be the inclusion of rigidified inertia stacks and t =
Yo taba. Then the series i* J*'(q,t,—z) lies on the Lagrangian cone Ly of Y.

APPENDIX A. EDGE CONTRIBUTION

In the proof of our main theorem, we need to apply torus localization formula to the moduli
of stable maps to PY,. s (or to S8 which factors through F), which is an orbi-P! bundle over
a stack, for which we don’t find a suitable reference of fitting in the discussion of the explicit
localization contribution from the torus-fixed 1-dimensional orbits (named edge contribution)
in our case. In this appendix, we will explain how to compute the edge contributions in 3.2.2
and 4.2.2. To achieve this, we will construct a space called M, with a family of C*—fixed
stable maps to PY;. , corresponding to a decorated edge. This space has the property that it
allows a finite étale map to the corresponding substack of C*—fixed loci in Ky 2(PY; s, (O, g))
(or Ko2(R,(0,2,0))). Then we can use M, as a substitute for C*—fixed loci in the edge
contribution and the explicit description of the family map helps us carry out the localization
analysis concretely. To begin with, we will prove a classification result (see Lemma A.1) about
C*—fixed stable maps to PY;. ; which map to a fiber of PY;. 5 over Y using the relation between
fundamental groups and C*—fixed stable maps to an orbi-P! curve from [L.S20]. Note that we

will always assume that r, s are sufficiently large primes in this appendix.

A.1l. Local picture. Write P := PY, , for simplicity. For any C—point y € Y, let G, be the
residual isotropy group of y in Y. Let p : G, — C* = Aut(L|,) be the associated representation.
Denote ‘B, by the fiber product in the following square

Py —P

l lp

BG, ——=Y ,

where i : BG, — Y is the inclusion. Let U := C?\{0}, the fiber curve 93, can be represented
as the quotient stack
[C*xU/(Gy % (C*)*)]
via the action
(m7 Z1, $2)(g, tla t2) = (p_l (g)tfstgma tlxla t2$2) )

where (m,z1,12) € C*xU, (g,t1,t2) € Gy x (C*)2

The C*—action on P defined in 3.1 restricts to be a C*—action on P, by scaling x; with
weight one. There are two C*—fixed points of 9B,: (1) The point 0 corresponding to z; = 0;
(2) the point co corresponding to x5 = 0. Now let’s describe the isotropy groups of points 0
and oo, for which we need the following definition. Let G be an arbitrary finite group and 7 be
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a character of G. Assume that image of 7 is a finite cyclic group gy C C* of order ¢. In other
words, we have the following exact sequence from the action

1 ——ker(n) G — oy 1.

For any positive integer ¢, we define the central extension G(7,4) of G by the cyclic group
it )
G(n,i) == {(9,b) € G x C*|n(g) = b'} .
We note G(n,1) fits in the following Cartesian digram with all rows and all columns exact:

i ——

1 — ker(s) G p—1,

where the morphism 7, is induced from the projection from G xC* to the second factor. Then
the isotropy group Go(resp. Goo) of O(resp. 00) is isomorphic to Gy (p~1, s)(resp. Gy(p,r)).
Denote
fo 1= Py \{oo} = [C/Gy(p™", 5)], and tho := P, \{0} = [C/Gy(p,7)] ,
and
Oc = my\{ov OO} :

Now we quote the result from [LS20, §6](see also [NBO6] ). Assume that the image of p is p,.
Then the curve B, is a G, := Ker(p)-gerbe over Pj, ;. More explicitly, note o, is isomorphic
to the quotient stack [C*/G,]'* then the morphism p : G, — p, induces that o, is a G.—gerbe

~

over its coarse moduli o, 2 [C*/u,] = C*. Then the morphism p; ! induces a morphism from
Up 2 [C/Gy(p~1, s)] (resp.tlos 2 [C/Gy(p,7)] ) to [C/p,](vesp. [C/py,]). The above discussion
fits into the following commutative digram

o (C/hs

| |

0 —> 0, = [C*/p,, ] = [C*/pe] = [C*/ py, ]

l |

oo (C/h,] -
Let p. & BG, be a point of o.. Define
H, = 7T1(Ue7pe) s

then the coarsification map 0, — o, (with the corresponding base points p. — p.) induces a
surjection

Ge : He = m1(0¢,pe) = T1(0¢, pe) =7,
whose kernel is isomorphic to G, as shown in [LS20, §6].
Choose a path from p. to 0 and a path from p. to oo, the open embeddings o, — iy and
0. — o induce surjective group homomorphisms

MOne can check that oe can be also represented as the quotient stack [C*/Gy(p~1, )] or [C*/Gy(p,T)] via
ps " (resp. pr).
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He:ﬂ'l(oeape) E) 7"-1(5“[070) = Gy(pilas)a He:ﬂ-l(oeape) 7"@_@; 771(”'005 OO) = Gy(p, T) .

Applying 71, the above discussion will be summarized into the following commutative dia-
gram with all rows exact:

(A1) 1——= G ——=m () X Gy(pt,s) P s 1
S
N b
1 G. m1(0e) = H, Z =m(0,)) —1
1—— Ge - 71-1(1100) = Gy(p,T) o My 1 ’

where in the third column Z — p,, and Z — p,, are given by d — et and d — et respectively.
By chasing diagram, we can show that H. is isomorphic to the fiber product G, (p~*,s) %, Z
(or Gy(p,7) % u, Z as well) using the above diagram. Furthermore using the fact Gy (p™*, s)
isomorphic to the fiber product G, %, p,, we have H. is also isomorphic to the fiber product
GyXpu,Z.

Let P}W’n be the unique smooth DM stack with coarse moduli P! and trivial generic stablizer
and only two special points ¢, = B, and ¢o = Bp,,. Here we can choose a C*—action on
IP’}WL such that qg, g are the only C*—fixed points and the C*—weight of the normal space
Ngo(resp. Ng_)is = (resp. =1). Let f: P}, — B be a C*—fixed stable map of degree (0, %)
which factors through 9,. Assume that f(go) =0 € P, and f(gso) = 00 € P,. Moreover, if the
multiplicity'® at qq is ([g7!],e%,1) € Conj(G,)xC*xC* such that (z,[g]) € I.Y where g € G,
then the multiplicity at ¢ is ([g], l,eg) € Conj(G,) x C* xC*, and vice versa. Let a be the
order of g, when r, s are sufficiently large primes, as f is representable, we have m = ar,n = as.
Assume that ageg(L|,) = 2 for some integer h with 0 < h < a. As § = r - deg(f*O(Dx)),
using orbifold Riemann-Roch for the f*O(rDy), the condition

h
0——€Z,
a

is a necessary condition to ensure the map f to exist. Then ad must be an integer.

Let T, s be the subgroup of (C*)? defined by the equation t¢* = t4". Let F': U — C*xU be
the morphism sending (z,y) to (1,2%,y®%). Then F is equivariant with respect to the group
homomorphism from Tg; qs to Gy X (C*)2%:

(t17 t2) — (T(tl_stg)a t%év t;ﬁ) )

where 7 : p, = G, is the group morphism sending p, to g. We can check F' descents to be a
morphism F from P}, . to P, of degree (0, 2)'% with the multiplicity decoration ([g], 1, e?) at

gso- Moreover, if we change g to any conjugate of g in G, the descended morphisms are all
isomorphic to each other. Conversely, we will show the following.
Lemma A.1. With the notations as above, let f be a C*—fixed morphism of degree (0, %) to B

factor through B, such that the multiplicity is given by ([g], 1,e%) at Goo. Then the morphism
f must be isomorphic to F (up to a unique 2—isomorphism) constructed as above.

L5Here we can replace the index set C for I, 1By by the set Conj(Gy) of conjugacy classes of Gy.
16We use the degree notation by viewing F' as a morphism to *B.
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Proof. Let f1, fo be two stable maps with same associated decorated graph as above, if we
assume they are isomorphic when restricting to O, := PJ,. ,.\{qo, ¢oo }, then f; is isomorphic to
f2 up to a unique 2—isomorphism(see e.g.,[CCFK15, Lemma 2.5] for a proof). Thus we only
need to show the restriction f|p, is uniquely determined by the degree data and multiplicity
data at goo. Note that f|o, : O — 0. is an étale covering map. Indeed, as O, and the coarse
moduli o, of 0, are both isomorphic to C* and the coarsing map from o, to o, is étale, then
the étaleness of f|p, follows from the étaleness of the composition

O, = 0, = 0,

as any C* —fixed morphism from C* to C* must be a cyclic covering. By [Noo05, Theorem 18.19],
we have a bijection between conjugacy classes of subgroup (f|o,)«(71(Oe, P.)) (P, is the inverse
image of the point p. under O, — o0.) of 71 (0, p.) and isomorphism classes of covering map of
0. (not necessarily base point preserving), it’s enough to show the conjugacy class of subgroup
(flo.)«(m1(Og, P.)) is uniquely determined by the degree data and the monodromy data at gec.

We will drop the base points in the notation of fundmental group in the sequel if it’s clear
in the context. Let

UO = Ptlzr,as\{qoo} = [(C/I'l’as]’ and UOO = leznas\{qo} = [C/I“l‘ar] :
Choose a path from P, to qp in Uy and a path from P, to ¢ in Uy, then the open embeddings
O, — Uy and O, — Uy induces surjective group homomorphisms

7 = m(0.) —2 11 (Up) & pg, Z = m(0:) == 11 (Uno) = prar -

Here we choose the identification between 71 (O,) and Z such that g, (1) = ea and m,_ (1) =
ear .7 Then the morphism

(FlUoo) =

T1(Oc) —— M (Uso) —> s (8o

sends the generator 1 of m1(O.) to the conjugacy class of (g, e%) € Gy(p,r) = m (o) by the
multiplicity data at ¢... We have a commutative digram with all vertical lines are inclusions:

floe
O. Oc Oc

L

Uso —Uso —— [(C//J’tr] .

Using A.1, the above diagram induces the following commutative diagram

(A.2) 7. =m (Oe) M) 7'('1(06) ~H, L» 771(0@) ~7

T

Haor = 7-‘-1([]00) 4>7T1(ﬂoo) = Gy(ﬂar) $>> Hir s

where in the third column Z — p,,. is given by d — e#r. Then we see that the composition

(floe)« be
m(0e) 2 Z 2% 11 (0,) = He —> 11(00) 2 7 .

1"Different choices of path from Pe to go(resp. goo) will only affect mq, (resp. mg.,) up to conjugacy, then
the image g, (1) (resp. mq,, (1)) doesn’t depend on the choice of the path.
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from Z to Z is multiplication by td as the generator 1 of m1(O.) sends to e? in the group by,
in whatever path from the up-left corner to the bottom-right corner in the above commutative
diagram and r is sufficiently large.

Let v, € H. be the image of generator 1 € 71(O.) in H.. By the previous discussion, 7,
maps to the conjugacy class of (g,eg) via Te o0, and maps to ¢d in m(o.). Conversely, using
the fact H, is isomorphic to fiber product G, (p,7) x,, 7 using the right square of A.2 , we
see that the conjugacy class of ., is uniquely determinded by the conjugacy class of the image
of 7, in m (Us) and the image of 7, in 7 (0.), which are determined by the decorated data.
Hence the conjugacy class of the subgroup (f|o.)«(71(O,)) is also uniquely determined by the
decorated data. This completes the proof. O

Next we describe the automorphism group Aut(f) of f.

Proposition A.2. Use the notation in the above proof, we have Aut(f) = Cx.(ve)/{Ve), and
the order of automorphism group is equal to |Aut(f)| = |Cu.(ve)/(ve)| = 0|Cq,(g)|. Here
Ch.(v) (resp. Cg,(g)) is the centralizer of e (resp. g) in the group He(resp. Gy ).

Proof. The automorphism group of f is isomorphic to the automorphism group of the restriction
flo., then the first claim follows from standard fact about covering deck transformation(not
necessarily basepoint preserving) as 7. generates the subgroup (f|o,)«(71(O.)) in 71 (0.).

Assume that the image ¢.(Cp.(7e)) in Z is generated by the positive integer u, as H, is
isomorphic to the fiber product G, x,, Z.'8 More precisely,

d
He = {(g,d) € GyxZlp(g) =et} .
Then v, = (g,t6) € H.. We can show that ¢ and ¢4 are both divided by w. Thus the image of
Ca,(g) under p is generated by et.
The group Cpy, (7e) can be represented as
d
{(h,d) € Cq,(9) xZ|p(h) = e*}

in H.. Then the claim about |[Aut(f)| follows from the following two exact sequences:

1 ——> G NCaq,(9) —> Cu, (Ve)/{Ve) —= uZ/t6Z —1 |

and
].HGSQCGy(g)*)CGy(g) ’ u’% L.

Here uZ(resp. td7Z) is the subgroup of Z generated by the integer u(resp. td), the morphism ¢
is the induced from the restriction to G. N Cg, (g) of the inclusion from G. to H.. O

We can make the above proposition more concretely. Let (h,d) € Cy, (v.) be an element,
we associate (h,d) an element in the automorphism group Aut(f) as follows: define

9h7dZU—>UZ ($7y)'_>(x,eﬁy) ,

which descents to be an isomorphism of ]P’llmaS which we still denote to be 6, 4. Recall that £
is a morphism from U — C* x U defined as in Lemma A.1, then F o 6}, 4 differ from F' by the
action of the element (h, 1,e77) on the target via the action of Gy x (C*)? on C* x U which also
commutes the action of Tg, .5 and Gy X (C*)? on the source and target respectively. Then by
descent, this defines an 2—isomorphism ay, g4 : F' — F 0 0}, 4. Thus the pair (0 g, an,q) defines
an automorphism in Aut(f).

For two elements (hi,dy1) and (he, d2) in C, (7e), the pairs (0h, 4y, ®hy dy ) A0 (Ony. dys by dy)
are isomorphic to each other if there exists some integer n such that ho = h1g™ and dy = dy+ntd.

18We have already seen that H, is isomorphic to Gy(p’l, 5) X, Z, then we use the isomorphism Gy (p~1,s) =
Gy Xp, Mg
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nig ) be the automorphism of U acted upon by (1,e# ), we have Ohy dy =
ear

Indeed, let m
(1

. . . . . 1 1
M o285 © On, 4., which defines a two-isomorphism 8, : On, 4, — Ohy.d, in Hom(Pg, ., Py, 4s),

then the composition f o 3, defines a two-isomorphism from F o 8y, 4, to F o 0}, 4, such that
Qhydy = [ 0 Bn 0 Qpy -
The morphism f : ]P’énas — P, defines a C—point of Ko 2(PY; s, (0, g)), where we denote by

qo(resp. ¢oo) by the first (resp. second) marking, then the evaluation map

) _
Vg, © ’CO’Q(PYT’S, (07 7)) — IMPYT,S s
T

induces a morphism from the isotropy group Aut(f) to the isotropy group Aut((y, ([g], 1, eg))),
which, from the concrete description of Aut(f) above, coincides the morphism from Cr, (7e)/{Ve)
to Cg,(9)/(g) induced from the projection of Gy x Z to the first factor. From this concrete
description, we also know the kernel of the morphism of isotropy groups:

Proposition A.3. The kernel of the morphism Aut(f) — Aut((y, ([g], 1,6%))) is isomorphic
to Z/adZ.

Proof. This follows from by applying the snake lemma to the first two exact rows of the following
diagram:

| ——> 2= (L atd) ——Z = () — = Z/aZ = (g) ——1

| | |

1 ——Z2((1,t)) C, (e) —— Cé,(9) 1
| ——>Z/adZ, Cr. (ve)/ (ve) ———= Cq, (9)/{g) —— 1
Aut(f) Aut((y, (9], 1,e7))) »
where pr; are induced from the projection from G, x Z to the first factor. O

)

A.2. Construction of family stable map. Let e be an edge with decorated degree > and

decorated multiplicity (c, 1,eg) at the half-edge hoo as in §3.2. Let a := a(c) be the integer
associated to ¢ as in the Assumption 2.1. Define the space M, to be the root gerbe **/LV/I.Y.
We will generalize the construction in Lemma A.1 to a family version; we will construct a family
of C*—fixed stable map over M. to PY, ; with the associated decorated degree. Then we get
a morphism

0
g: M. — Ko2(PY, s, (0, ;)) .

We will show the image of g is a closed and open substack of the C*—fixed part of Ko 2(PY;. s, (0, g))7

and ¢ is a finite étale map into the image of g. Then we can use M, to do an explicit compu-
tation of the edge contribution in the virtual localization formula.

Since we assume Y is a smooth proper Deligne-Mumford stack with projective coarse moduli
over C. Then Y admits a quotient stack presentation [Y/G] by [Kre09, Proposition 5.4], where
Y is smooth quasi-projective variety over C and G is a linear algebraic group over C. Then
we can assume that the line bundle L comes from a G—equivariant line bundle L over Y by
descent.
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Without loss of generality, we can take I.Y to be the inertia component Ij,Y represented
by the conjugacy class of g € G. Then I,V = [}79/0@(9)] where Y9 is the g—fixed loci of Y
and Cg(g) is the centralizer subgroup of g in G.

By an abuse of notation, we also denote LV to be the restriction of the line bundle LY over

Y to Y9. Then g acts on each fiber of LV over Y9 by scaling by the complex number e
(recall that we define agey(L|,) = 2 for each point (z,g) € I.Y).

Denote by (EV)O the open set of LV with zero section removed. Then we note that M,
allows a quotient stack representation [(LY)?/Cg(g) x C*] defined by the (right) action

L-(g,t)=t"l.g,

where [ € (LY)? and (¢',t) € Cg(g) x C*.
Let U := C?\{0}. Let C. be the quotient stack [(LY)? x U/Cg(g) X C* X Ty 45| defined by
the (right) action

(l,.]?, y)(g,7tat13 t2) = (tiasgl : g/vtt1x7t2y) )

where (I, z,y) € (EV)O x U and (¢',t,t1,12) € Cg(g) X C* X Ty qs. Here Ty 45 is the subgroup
of (C*)? defined by{(t1,t2) € (C*)?| t$* = t5"}. Then C, is a family of orbi-P! bundle over M,
such that all fibers are isomorphic to P’

ar,as*

Remark A.4. Let 1), be the psi-class associated with the gerbe marking corresponding to the
zero loci of y of C.. We see that v, is equal to %ML).

The space PY;. ; can be represented as the quotient [(LV)? x U/G x (C*)?] via the action
Lz, y)(g' taota) = (6 °t51 - 9tz tay)
We will define a family map f as follows:

f

Cc ——————=PY,.
M, = “/LV]I.Y.

Consider the following map

F(LV)xU— (LY) xU
(La,y) = (12", y™)
with respect to the group homomorphism Cg(g) X C* X Ty as — G x (C*)?
(g/a t,t1, t2) - (gl ’ T(tfstg)’ (ttl)a6> tgé) )

where 7 : pp, — G is the group homomorphism determined by sending e to g. Then the family
map f is defined by using f by descent. Note that we (implicitly) use the fact
h
0——€Z
a

to check f is equivariant.

Remark A.5. When Y is a complete intersection in a toric stack, our construction of the
family map is equivalent to the construction in [Wanl9, §5.3.2].
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A.3. Computation of edge contribution. Recall that in §3, we define a C*—action on PY, ;.
This can be induced from the C*—action on (LY)°xU:

t-(lz,y)=(t-lz,y) .

Now we define a C*—action on C, such that the morphism f is C*—equivariant. Recall that C.

can be represented as [(LY)°? x U/Cg(g) X Tar.as X C*] given by the action
(L2, y) (g, tr, ta, t3) = (t5°°1 - ¢ tat1a, tay)
We define the C*—action on (LY)° x U in the way that
t-(Lz,y)=(t-Lx,y) .

One can see this action descends to be C*—action on C,.

Let x1 (resp. x2) be the character associated to Ty, qs by sending (t1,t2) € Tyras to 61
(resp. t2). Then we can construct the line bundle L, (resp. L,,) over C. as the stack quotient
[(LV)? x U x C/Cg(9) X Tor.as X C*] using the Borel construction:

(L, y, 2) ~ (t5°°L - ¢ tatix, tay, 11 2) (vesp. (t3 %01 - g/ tati 2, toy, taz))

for any (I,z,y,2) € (ZV)O x U x C and (¢',1,t2,t3) € Taras x C*. Using the stack quotient
representation, the line bundles L,, and L,, also carry a C*—action such that the fiber of L,,
over co—section(corresponding to the coordinate y = 0) is of weight ;—;5, the fiber of L,, over
Do is of weight —%

ard”

Proposition A.6. The coordinate x of (L) x U descents to be a C*—equivariant section
of the C*—equivariant line bundle L, ® (W*Lv)ﬁ ® (C% over Ce, and the coordinate y of

(LV)? x U descents to be a C*—equivariant section of the C*—equivariant line bundle L., over

Ce.

Fix the edge e = {hg, hoo } With the decoration as above, we will denote

5 5 -

Ko e (BYr (0,2)) = Koo (P, (0. 5) Newi (T, s BV Nevy (T, s PYrs)
r r c—les,

(c,1,e7)

Here we label the first marking by ho and the second marking by heo. Let Ko noun., (PYr s, (0, %))C*
be the C*—fixed loci of Ko noun.. (PYrs, (0,2)), write K := Ko noun. (PY;.s, (0, 2))C" for short,
we will first show the following:

Proposition A.7. Let [K]"" be the virtual cycle associated to the C*—fived part of the perfect
obstruction theory of Ko noun., (PY; s, (0, g)) to K. We have that [V = [K] in A.(K) and the
evaluation map

evp K —1T s PY, s
o0 (e,1,er ?

)
is étale and finite of degree a—lé.

Proof. Let E be the restriction of the perfect obstruction theory'? for Ko n,un., (PY:s, (0, g))
to K, then the C*—fixed part of E, which we denote to be Ef** is a perfect obstruction theory
for K by [GP99]. We will show that E = Ef* and it’s isomorphic to the locally free sheaf
evi _T; , py,.. Note this implies that /" = Ty = evj; T; |, py, . This will implies

(c,1,em (c,1,em)

the étaleness part, while the finiteness part will follow the properness of ev;,__, Lemma A.1 and
Proposition A.3.

9Here a perfect obstruction is a morphism T — E in [BF97], where T = LV is the derived dual of the
cotangent complex.
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It suffices to check E = Ef#* =~ evy, Ty s Py, . locally on every C-point. For any C—point
(e,1,e7)

[f] of K represented by a twisted stable map f, note that as we assume that r, s are sufficiently

large primes, the source curve for f must be an irreducible curve as its has no nodes. Then

every such stable map f can be presented as in Lemma A.1. The tangent space 1y} and the

obstruction space Objs of the space Ko poun.. (PY;.s, (0, 2)) at the point [f] fit into the following

v
exact sequence of C*—presentations?’

0 — H(C,To(—[q0] — las0])) = H(C, f*Tey, ) = Tiy
— H'(C, Te(—q0] — [g00])) = H'(C, f*Tey, ) = Obyy; = 0 .

We have the following two exact sequences of vector bundles over PY, ; (which are also C*-
equivariant)

(A.3)

(A4) 0 ——Tpy, )y — Tpy,, —pr; Ty —=0,
and the Euler exact sequence
(A.5) 0——=C——=0(Dy) ® O(Dw) — Tpy, ,)y —0.

Then we have the following two right exact sequences
0— HY(C, f*Tpy,,/v) = H°(C, f*Tey,.) = H°(C, fpr; Ty)

(A.6) L L L
— H (O, f*T]P’Yr,s/Y) — H (Oaf*TJP’YT,S) — H (C, f*pI‘;STy) —0.
and
(A7) 0— H°(C,0) — H°(C, f*O(Do) ® f*O(Dw)) — H°(C, f*Tpy, ./v)

— H'(C,0) — H'(C, f*O(Do) ® f*O(Du)) = H'(C, f* Ty, . /v) = 0.
By Lemma A.1, we have
frO(Do) & f*O(Dso) = O(ad|qo] + ad[gec))
as r, s are sufficiently large primes, then we have
HY(C, f*O(Do) ® f*O(Dw)) =0,
which implies that H*(C, f*Tpy, /y) =0 by A.7. As H'(C,Tc(—([q0] — [gs0])) = 0, we have
Obyy) = H'(C, f*pr; ,Ty)

over C = P!

ar,as?

and
Tis) = HO(C, f*Tey, )/ H*(C, T (~[g0] — [4]))
by A.3 and A.6.
Moreover, the exact sequence A.7 becomes

(A.8) 05C—CaC—H'C, f*Tpy,.)v) >0—=0—=0—0,
which implies that H°(C, f *Tpy, ,/v) = C(of weight 0). Furthermore, the composition
H°(C,To(~g0] = [900))) = HO(C, f*Tey,,) = H*(C, f*pr; Ty)

where the arrows are coming from A.3 and A.6, is equal to zero as the composition is induced
from the composition of sheaves

To(=[g0] = [geo]) = Ty, . = fpry Ty

which is zero. Note H°(C, T¢(—[qo] — [goo])) is one dimensional, which corresponds to the space
of tangent vector field of orbi-P! vanishing on the two markings, then the space H°(C, T¢(—[go]—

2011 the arrows in this proof are C*—equivaraint unless otherwise stated.
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[¢oc])) maps isomorphically into the subspace H(C, f*Tpy, ,;v) C H°(C, f*Tpy, ) via A0,
which implies that

Tiy) = H(C, f*Tey, )/ H(C, To(=(g0] — [40)))
=~ HO(C, f*Tey,,)/H(C, f*Tpy, , v) = H*(C, f*pr} ,Tey,.) -
Let 7 : C' — Spec(C) be the projection to a point, next we show that

R'W*f*Pr:,sTlP%,s = (ev;‘oo Ty 5 IPYT,S)

(g,1,e7)

[f1
which will imply that

Tipy = (evg T 5 ey, sy, Obyp=0,

(g,1,e7)
in particular Tjy is C*—fixed. Applying R*m. f*(—) to the first sequence A.4, we get a distin-
guished triangle

R*m. f*Tpy, , )y —= R*m f*Tpy,, —= Romf*prf Ty — > R*m. f*Tey, /v 1] .
Let bso @ goo — C be the gerbe section of C' corresponding to the half-edge ho,. Using the
divisor sequence for the section by,
0= O(—¢oo) = Oc = Oy, =0,
tensor with f*pry [Ty and taking R°m., we have
Rem, fpry STy = R*(7 0 boo )« (f © boo) " (P17 Ty)
where we use the fact that R®m. f*pr; Ty (—ge) = 0. Next we show that
R®(m0oboo )« (foboo) " (pry ;Ty) = (evg Tr | py,.)

(c,l,em)
First by the tangent bundle lemma in [AGV08, §3.6.1], we have
(moboo )« (foboo)*(Tey,..) = (evg, Tr ey, il

(c,l,em)

(1>

thus we only need to show that
R*(m0oboo )« (foboo)* (P s Ty) = (T0boo )« (foboo) “Thy, . -

As (7 0 bo)« i exact on coherent sheaf, we have R®(7 0 boo)x = (7 0 by )« and the following
exact sequence of vector spaces:
(A.9)

0— (Woboo)*(foboo)*T]P’Yns/Y — (Woboo)*(foboo)*TPYr,s — (Woboo)*(foboo)*pr:’sTY -0,

we are left to show that (m0bu)«(f0boo)* Ty, /v = 0, which can be checked by the next
lemma A.8 by pulling back to every C-point using the idea of proving the tangent bundle
lemma [AGV0S, §3.6.1]. O

Lemma A.8. Let z := [f] be a C-point of K represented by a twisted stable map f: C — PY, 4
as in Lemma A.1. Use the notation in the proof of Proposition A.7, we have

(Woboo)*(fOboo)*TlP’Yr,s/Y =0.

Proof. The gerbe marking g, of C' is canonically isomorphic to the classifying stack Bpigy,
which gives a unique lift of the C—point x in the gerbe marking ¢.,, which we denote to be
z. The isotropy group Aut(z) of z in Bpg, is canonically isomorphic to the cyclic group p,,.,
and the generator of p,, acts on the vector space f*Tpy, /v |z via the multiplication by er
due to the very choice of the multiplicity associated to the half-edge ho,. Note the space
(m0boo )+ (foboo)* Ty, , /v is given by the p,,—invariant space (f*Tpy, /vy |.)He, then it is equal
to zero. O
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The family map f constructed in Section A.2 induces a morphism
g: M. — K

by the universal property of moduli stack /C. Then g is surjective by Lemma A.1. Furthermore,
we have:

Proposition A.9. The morphism g : M. — K is finite étale of degree . The evaluation

— as
map evn_. from K to Iy, 5\PYy s is finite étale of degree a—lé.

Proof. Let pr, ¢ If(cng)IP’Yr’s — I.Y be the morphism induced from the projection of PY;. ; to

the base Y, we see pr, ; is an isomorphism. Then the composition pr, ;joev og is finite étale

of degree ﬁ as the composition can be also obtained by first forgetting root construction of

M. and taking rigidification afterwards. By two-of-there property for étale morphisms[Stal9,

Lemma 100.35.6], the étaleness of g comes from that evy__ is finite étale, which is proved in
1

Proposition A.7. Finally as the composition evy_ o g is of degree —— and evy,_, is of degree %

by Proposition A.2, we see that g is of degree é O

Remark A.10. Let evp, : K — f(c—17g71)PK-,s be the evaluation map associated with the edge
ho. Using the isomorphism k
L1,8)PYrs = LenY

induced from the projection from PY; s to the base Y. We can also see that the composition
pr, soevp, 0g is finite étale of degree ﬁ as the composition can be also obtained by first
forgetting root construction of M, and taking rigidification afterwards.

Lemma A.11. We have the following:

(1) When the edge moduli M, arises from the localization analysis in 3.2.2, we have that
[M, ]V = [M.] and the Euler class of the virtual normal bundle is equal to 1.

(2) When the edge moduli M. arises from the localization analysis in 4.2.2, we have
[M]P" = [M.] and the inverse of Euler class of the virtual normal bundle is equal to

—1-|-4] .
i
[ O+s5am-).
i=1
Proof. The first case follows from Proposition A.7. Now we calculate the edge contribution
from the second case. Recall the divisor E of R introduced in Section 4.1 is isomorphic to
PY; ;. The normal bundle N/ is isomorphic to O(—sDy), and the fiber of the normal bundle
NE /o over Dy, has C*—weight 1, thus we have f*Ng,» = L ® m*L as C*—equivariant
line bundles over C.. Then we see that

—R*m. f*Npm = R'm ("L ® LYs5,,)

asdx1

\4
asdx1

in the K—group K*(M.,).

Write B := PY, , for simplicity. Let Ex (resp. Eg) be the pull-back of the perfect ob-
struction theory of Ko (R, (0,2,0)) (resp. Ko2(B,(0,2))) to M. As M, is étale over the
corresponding C*-fixed loci in Ko 2(%, (0, 2)) (or Ko 2(R, (0, 2,0))) by Proposition A.9, we see
that the C*—fixed parts ]E{;;z and IEEJ;I are perfect obstruction theory for M.. Note we have
the distinguished triangle:

(A.10) Egy —> Egp —> R*7 f* N jon > Exg[1] .

As shown in Lemma A.7, Eq is C*—fixed, then the movable part of Ex is equal to the movable
part of R*m. f* N, %, which we will calculate below.
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The restriction of sections x~%¢0Fesiy=ari(1 L j < —1—|—4]) to each fiber curve C, of C, over
M. is a basis of the vector space H!(C,, fl&. Neg/:). However they may not be sections of the

vector bundle le*(f*NE/m). Instead, by Proposition A.G, one can see that x—s@0taesiy—ari

is a section of vector bundle Rlﬂ'*(f*NE/m) ® L% ® (C_%/\. Therefore Rlﬂ'*f*NE/gR is
isomorphic to the direct sum of line bundles @::11_ =l 2% o C siy Then the inverse of the
Euler class of the virtual normal bundle form Egy is equal to Hz;lftféJ (A + £ (L) = V).
The calculation above also shows that the C*—fixed part of Ex is the equal to Egq, then we
have [M.]""" = [M,] in Section 4.2.2. O

Remark A.12. When Y is of zero dimensional, our computation of the Euler class of the
virtual normal bundle coincides the computation from [LS20, §6].
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