A MIRROR THEOREM FOR GROMOV-WITTEN THEORY WITHOUT
CONVEXITY

JUN WANG

ABSTRACT. We prove a genus zero Givental-style mirror theorem for all complete intersec-
tions in toric Deligne-Mumford stacks, which provides an explicit slice called big I-function
on Givental’s Lagrangian cone for such targets. In particular, we remove a technical assump-
tion called convexity needed in the previous mirror theorem for such complete intersections.
In the realm of quasimap theory, our mirror theorem can be viewed as solving the quasimap
wall-crossing conjecture for big I-function [CFK16] for these targets. In the proof, we dis-
cover a new recursive characterization of the slice on Givental’s Lagrangian cone, which may
be of self-independent interests.
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1. INTRODUCTION

In the past few decades, following predictions from string theory [CDLOGPOI1], a series
of results known as mirror theorems has been proven; an incomplete list is [Giv96, CCIT15,
CG07,Zin08,Giv98, CCLT09,LLY99, GJR17]. These theorems reveal elegant patterns and deep
structures encoded in the collection of Gromov-Witten invariants of a given symplectic manifold
or orbifold X. However, the scope of these results, and much of Gromov-Witten theory in
general, is closely related to the world of toric geometry'; in all cases above, X is a toric
variety /orbifold or certain complete intersection(see the discussion of convexity below) in a
toric variety /orbifold. The essential reason for this is that one of most efficient way to compute
Gromov-Witten invariants is to utilize the technique of the localization theorem [AB95, GP99],
which requires the targets to be carried with a good torus action.

Date: Tuesday 2279 July, 2025.
1By using the abelian-nonabelian correspondence, one can further extend the scope to include partial flag
varieties [CFKS08, BCFKO08] and other nonabelian GIT quotients like Nakajima quiver variety [Web23].
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Smooth hypersurfaces (or complete intersections in general) in toric Deligne-Mumford stacks®
are the next class of spaces to consider, but much less is known in this situation. The main diffi-
culty comes from that a hypersurface in a toric stack doesn’t have any nontrivial torus action in
general. Hence one can’t directly apply localization theorem to compute the Gromov-Witten in-
variants of the toric hypersurface. Alternatively, the usual way to compute the Gromov-Witten
invariants of a given hypersurface is to use quantum Lefschetz principle [KKP03], which relates
the Euler-twisted virtual cycle of an ambient space X to the virtual cycle of its hypersurface Y
which is the zero locus of a section of a given line bundle L on X. However, there is a technical
assumption called convexity for the line bundle L to apply the quantum Lefschetz principle.
The convexity says, for any stable map f: C' — X of fixed genus and degree, one has

HY(C,f*L)=0,

which holds, for example, when the ambient space X is a projective variety, the source curve
C is of genus zero and L is a positive line bundle on X, and which doesn’t hold, for example,
when the ambient space X is a weighted projective space P(wy,- - ,w,) and the line bundle
L = O(d) satisfies that d is a positive integer which is not divided by all w;. Hence, it’s
naturally to ask whether we can relax the condition from convexity to positivity to ensure the
quantum Lefschetz principle to hold. Unfortunately, a counterexample was found in [CGIT12]
that quantum Lefschetz principle can fail for positive hypersurfaces in orbifolds. As a result,
there are limited methods to compute the genus zero Gromov-Witten invariants of orbifold
hypersurfaces where the convexity fails (see [Gué19] for a recent update for certain hypersurfaces
in weighted projective spaces), and a genus zero mirror theorem® for these targets has been
lacking for a long time in the literature.

Quasimap theory, developed by Ciocan—Fontanine-Kim [CFK10, CFK16] together with Maulik [CFKM14]
and Cheong [CCFK15], is a variation of Gromov-Witten theory and it’s adapted to a wide
class of GIT targets including complete intersections in toric orbifolds, Grassmanian and so
on. Quasimap theory depends on an additional datum of a stability parameter € varying
over positive rational numbers. When ¢ — oo, one recovers the Gromov-Witten theory, and
when € — 0+, one can often calculate an explicit formula called big I-function, which is re-
lated to Gromov-Witten invariants by the so-called genus zero quasimap wall-crossing conjec-
ture [CFKM14, CCFK15, CFK16], which states the big I-function is a slice on the Lagrangian
cone [Giv04]. Therefore we can use the big I-function to help calculate about Gromov-Witten
invariants of toric complete intersections in the non-convex case once we solve the genus zero
quasimap wall-crossing conjecture in such cases. The wall-crossing conjecture for big I —function
has been proved for GIT targets with a good torus action including toric orbifolds or complete
intersections for which the convexity holds in [CFK16]. We will prove new cases of this conjec-
ture to extend the validity to all toric complete intersections in this paper.

1.1. Main results and ideas of proof.

1.1.1. Big I—function. Let X be a proper toric Deligne-Mumford stack constructed by a GIT
data (W = @©,¢nC), G = (C*)*,0), and Y C X is a complete intersection with respect to
a direct sum of line bundles &7_,L,, on X (see §3 for more details). Now we introduce the
following cohomology-valued series called big I-function (or I-function in short) of the toric

2We treat orbifold and Deligne-Mumford stack as synonyms.
3In Givental’s formalism, a mirror theorem usually means to construct an explicit slice on the Lagrangian
cone.
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stack complete intersections:

(1.1)

H(q7t72) - H(qutla' c ,tl,Z)

l
= Y oS Y tuilalln) + 6Lz erlla) + B(Ln,)2)

BERE(W,G,0)
) Hp:,@(Lp)<0 H,@(L,,)<i<O(DP + (B(Ly) — i)2)
L5250 o<icp(r,) (Do + (B(Ly) —i)2)

' Hb:B(LTb)>O Hi:0<i<,ﬁ(L,b)(Cl(L7’b)

(B(Lr,) —1i)z)
- [

Hb:B(LTb)<O Hi:B(L,b)<i<0(Cl L)+ (B(Lr,) —i)z)

We remark here i*(S!Eﬁ,loc([ZEs/(G/<gﬂ_l> 1)) and D, are elements of the cohomology H*(1,,Y, Q),

Zi:l tiui(er(Lay) + B(Lay)zy -+ y¢e1(Lr,) + B(Lx,)2) is an element in H*(Y,Q)[z][t1, - - , ]
where u; € Q[z1,...,xy] are [ (arbitrary) polynomials depending on k(= rk(G)) variables. See
Definition 3.5 for more details about the terminology appearing in I(q, t, z).

Now we state our main theorem:

+
T (81, 10c(125° /(G /g5 N)) -

Theorem 1.1 (Main Theorem). —z1(q,t,—2) is a slice on Givental’s Lagrangian cone of the

toric complete intersection Y. More explicitly, let u(z) := [21(q,t,2) — z1y ]+ be the truncation
in nonnegative z powers. Then we have the following identity:
(1.2) lg,t,2) = J(g; u(2), 2)-

Here, J(q,1u(z),2) is defined by the J—function
t(z)

J(Qvtv Z) Z:]ly + ?

qB (e 7 " ¢o¢
Y D ) (), ol
BEE(W,G,0) m>0 m!¢ ) (=) Z(Z—w*)m[ o

where the input t is an element in (q,t)H*(1,Y,Q)[2][t1,--- ,t;][EF(W, G, 0)],* and t(—;)
means that we replace the variable z in t by —;.

Note that here for any degree 8 € Eff(W, G, 6) of X (cf. Definition 2.4), we will denote the
Gromov-Witten invariant

7 7 Pa

Pt (=1P1), -t (—Um), m>o,[m]u*ﬂ
to be 5
¢a<t(_1z )7 e 7t(_/(zm)7 70‘7> ,[m]Ux,d »
dEEH%’,G,G) ' 2z =) v
i (d)=0

where Eff (AY, G, 0) is semigroup of degrees of Y.

Remark 1.2. The term pu(z) above is closely related to the procedure of Birkohoff factoriza-
tion is the literature, from which we can recursively get a J—function J (¢, 7, z) up to arbitrary
order on g¢,t1,--- ,t;, where 7 € H*(I,Y,Q)[t1,...,t;][Eff(W,G, 6)] having no z—terms, see,

41t means that t admits an expression as Z(B 10 020 qﬁti1 "'t;'lfﬁ,il,-”,ip where fgi, ....i; €
H*(1,Y,Q)[z]. This choice of input t gives a much less general definition of Givental’s J—function in the

usual literature, but it suffices for the need in this paper.



4 JUN WANG

for example, [CCIT19] for more details. Actually the term 7, which is usually called a mir-
ror map in the literature, is uniquely determined by u(z) by the so-called Dijkgraaf—Witten
formula [DW90].

The reader may also wonder how to apply this mirror theorem to calculate GW invariants(e.g.
small quantum product); we present one example in §7, which recovers an early result of Alessio
Corti. In the calculation, we imitate the idea used in [CCIT19] of computing GW invariants
for toric stacks using extended variables from S—extended fan (although the fan language for
toric stacks is not used in this paper, we instead use the GIT setting. But these two approaches
are equivalent. Further discussion of this equivalence can be found in [Wan]).

1.1.2. Sketch of the proof of the main theorem. Before sketching the proof of the main theorem,
let’s analyze the term p(z) appearing in our main theorem. Write 21(q, ¢, z) as a formal Laurent
series in variable z, 2~

Ty (q, )22 + Tg(q, t)2 + Th(g, 1) + Oz 1),
then p(z) can be expressed as:
w(z) = [2l(q,t,2) — zly]y = - +1_1(q, t)2% + (To(q,t) — 1y)z +T1(q, 1) .
By the definition of I(q, t, 2), 2I(q, t, z) admits an asymptotic expansion in g, t:
2l(q,t,z) = z1y + O(q) + O(1),

which implies that u(z) belongs to the space (¢,t)H*(1,Y,Q)[2][t1,- - , ;] [Ef(W, G, 0)].
Let I(g, z) :=1(q, 0, z). We can expand I(q, z) as

Ig,z)= Y,  dIs(2),
BEER(W,G,0)

where I3(2) € H*(1,Y,Q)[z,27!]. Then we can decompose ]I(q, t,z) as a formal sum

H(qvt7z) = Z Zq 'Zp 5

BEEH(W,G,0) p=0

where t = 22:1 tiu;. For monzero pair (8,p), set pugp(z) = [z%h as the truncation
in nonnegative z powers. We note that pgp(2) is a polynomial in H*(1,Y,Q)[t1,--- ,t;, 2] of
homogeneous degree p in variables t1,--- ,¢;. Then we can write u(z) as a sum

(1.3) wz) = > Y Pupyl2)

BEER(W,G,0) pEZ>0

where 19,0y = 0, which we will also denote to be pg.

Multiply by z on both sides of (1.2). We observe that, to prove the main theorem, it suffices
to prove that, for arbitrary pair (8,p) € Eff(W, G, 8) x N and any nonnegative integer ¢, one
has

tP
[ZITZ;l)Hﬁ(Z)]Z—c—l =
(1.4) > 1., - _ .
Z Z ﬁ¢ <M,317p1(_1/}1)7"' 7/'Lﬁm7pm(_wm)7¢aw*>07[m]U*75* .

m=0 By+B1+:+LBm=0
pit-+pm=p

The idea to prove (1.4) is to show that both sides of (1.4) satisfy the same recursive relations
(see Theorem 6.5 and Theorem 6.7) by induction on the nonnegative integer 5(Lg) + p. This is
done by considering two master spaces carried with C*—actions (see §4.1 and §5.1), which are
root-stack modifications of the twisted graph spaces. Then we apply virtual torus localization to
express two auxiliary cycles (see (6.2) and (6.9)) corresponding to the two master spaces in graph



A MIRROR THEOREM FOR GROMOV-WITTEN THEORY WITHOUT CONVEXITY 5

sums and extract A~ coefficients (\ is an equivariant parameter). Finally, the polynomiality
of the two auxiliary cycles implies that the coefficients for A~! terms must vanish, from which
they yield the same type of recursive relations (see also Theorem 6.5 and Theorem 6.7) which
finish the proof of the main theorem.

1.2. Why we take roots in the master space. Our master spaces used in the proof are
inspired by the twisted graph space in [CJR17, CJR21]. In loc.cits, the twisted graph space is
defined as a certain P'—bundle over a toric complete intersection and can be also represented as
a GIT quotient. By carefully choosing a stability condition, moduli of stable quasimaps to the
twisted graph space contains both e-(quasimap) theory and oo-(quasimap) theory of the toric
complete intersection as C*—fixed loci corresponding to two divisors of the twisted graph space.
Thus it’s naturally to expect that we can find relations® between e— theory and co—theory by
applying torus localization to (some suitable auxiliary cycles of) this moduli.

However, when we apply torus localization formula to this moduli, we need to cap the (inverse
of) Euler class of the (virtual) normal bundle of fixed-loci, from which we actually obtain the
twisted versions of e-theory and oco-theory from the localization. Ideally, we hope to work with
the e—(or co—)theory directly rather than the twisted theory. Here one important observation
is that if we take roots of certain divisors of the twisted graph space, certain parts of the Euler
class of the normal bundle becomes trivial (see Remark 5.3 and Lemma 6.8). This makes it
possible for us to work with the untwisted theory directly; actually, we only need the untwisted
oo—theory in the proof.

Taking roots in the proof has additional advantages in terms of creating more twisted sec-
tors in Chen-Ruan cohomology. By evaluating a marking of a quasimap or stable map in
these twisted sectors, we can naturally impose restrictions requiring the marking to lie on the
corresponding root divisor. Typically, without taking roots, such restrictions are achieved by
means of the localized equivariant class (see[CJR17, equation (26)]). But, this method involves
negative A\-powers, which is incompatible with the polynomiality required in this paper.

1.3. Relation to other works. The quasimap wall-crossing conjecture for the big I-function
was proven in [CFK16] for GIT targets possessing a good torus action or their complete intersec-
tions that fulfill convexity. Having a good torus action is described as having finite torus-fixed
points and all one-dimensional torus-fixed orbits being isolated. The requirement of having a
good torus action is essential in the previous proof of the big I-function since it allows for the
characterization of a slice on the Lagrangian cone (or the twisted Lagrangian cone®). This char-
acterization is established on the basis of having good torus action (cf.[CFK14,Giv96,Brol3]).
Consequently, it is natural to inquire whether it is possible to characterize a slice on the La-
grangian cone for targets lacking a good torus action. In this paper, we present one characteri-
zation (see Theorem 6.7) which can be adapted to general targets. This new result is expected
to provide insights into other questions in Gromov-Witten theory as well.

The first version of this paper, available on arXiv, contains a section on explaining how
to compute I-functions using quasimap theory, which was later realized by the author to be
unnecessary in proving the mirror theorem. This highlights a unique aspect of the our method:
we find a new recursive relation, detailed in Theorem 6.7, used to characterize the slice on the
Lagrangian cone. To apply this new characterization, a suitable master space ' together with
a suitable auxiliary cycle is required to provide a recursive relation of the same type. From

5In the paper, we also need some (recursive) relations between co—theory and co—theory. In this case, we
only consider the moduli of usual stable maps to the (root-stack modification) of twisted graph space, see §5.

6By leveraging the quantum Lefschetz principle, we can utilize the twisted analogue of the I-function
quasimap wall-crossing to establish the I-function quasimap wall-crossing for complete intersections for which
the convexity holds.

“In our case, this corresponds to the space constructed in §4.



6 JUN WANG

this, the explicit expression of the J-function can be obtained from a specific subgraph sum
of the localization contribution. This naturally raises the question of whether other auxiliary
master spaces can be found to prove a mirror theorem that was previously inaccessible. Further
elaboration on this topic will be presented elsewhere®. For readers interested in the source of
these I-functions, the first version of this paper on arXiv(which applies only to semi-positive
hypersurfaces but can be extended to all complete intersections) or Rachel Webb’s work [Web21]
may be consulted. In her work, Webb obtains I-functions for all complete intersections in GIT
quotients with possible non-abelian group actions using the quasimap graph space directly and
avoiding the p-fields method used in the author’s first version.

During the preparation of this work, the author learns that Yang Zhou has used a totally
different method to prove the quasimap wall-crossing conjecture for all GIT quotients and all
genera [Zho22], which in particular implies the mirror theorem proved in this paper without
exponential factor (but his formula is in less explicit form). The author also learns that Felix
Janda, Nawaz Sultani and Zhou computed the (S-extended) I-function for some Calabi-Yau
hypersurface in weighted projective spaces and uses it to calculate Gromov-Witten invariants.

1.4. Outline. The rest of this paper is organized as follows. In §2, we will recall the quasimap
theory. The author wants to draw readers’ attention to the language of §’-stable quasimaps (see
Remark 2.3), where 6’ can be a rational character, because it is more suitable than the language
of e-stable quasimaps for the later construction of the master space in §4. In §3, we collect some
important facts about (rigidified) inertia stacks of toric complete intersections, and compare
them with the rigidified inertia stacks of toric stacks. Some special cycles in the inertia stacks
will be discussed as they will be appeared in our big I—function. In §4 and §5, we will construct
two master spaces which carry C*-actions. A very explicit C*-localization computation which is
based on localization computations [CJR17,JPPZ17] will be presented. This part is technical,
and we encourage the reader to skip to go to §6 first and to refer back when needed. In §6,
we will calculate two auxiliary cycles corresponding to the two master spaces via localization.
They provide recursive relations to prove the genus zero quasimap wall-crossing conjecture for
toric stack complete intersections. In §7, we calculate the small quantum product of a cubic
hypersurface in P(1,1,1,2). Finally, we include Appendix in the end which gives a list of key
notations appearing in §6.

Notations: In this paper, we will always assume that all algebraic stacks and algebraic
schemes are locally of finite type over the base field C. Given a GIT target (W, G,6), we
will use symbols X,9)... to mean the quotient stack [WW/G], symbols X,Y... to mean the
corresponding GIT stack quotient [W**(0)/G], I, X, I,Y ... to mean the corresponding inertia
stacks, and 1, uX, I 1Y ...to mean the corresponding rigidified inertia stacks.

We will use the following construction a lot throughout this paper.

Definition 1.3 (Borel Construction). Let G be a linear algebraic group and W be a variety.
Fiz a right G-action on the variety W. For any character p of G, we will denote L, to be the
line bundle on the quotient stack [W/G] defined by

WxagC,:=[(WxC,)/qG],
where C, is the 1-dimensional representation of G via p and the action is given by
(z,u) - g = (z-g,p(g)u) € WxC,
for all (z,u) € WxC, and g € G. For any linear algebraic group T, if we have a left T-action

on W which commutes with the right action of G, we will lift the line bundle L, defined above
to be a T-equivariant line bundle, which is induced from the (left) T action on W xC, in the

8See the author’s recent preprint [Wan23].
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way that T acts on C, trivially. By abusing notations, we will use the same notation L, to
mean the corresponding invertible sheaf (or T—equivariant invertible sheaf) over [W/G] unless
stated otherwise.

2. BACKGROUND ON QUASIMAPS

We first recall the definition of a quasimap to a GIT target. Our main reference is [CFKM14,
CCFK15,CFK16]. By a GIT target, we mean a triple (W, G, 6), where W is an irreducible affine
variety with locally complete intersection (l.c.i) singularity, G is a reductive group equipped
with a right G—action on W and 6 is an (integral) character of G. Denote by X := [W/G] the
quotient stack. Denote by W** (or W*%(6)) the semistable locus in W, and by W* (or W*())
the stable locus. Throughout out this paper, for a GIT target (W, G, 0), we will always assume
that W#2(0) = W*(0) and the GIT stack quotient

X = [W™(0)/G]

is a smooth Deligne-Mumford stack, under which condition, X is always semi-projective; that
is, it is proper over the affine GIT quotient Spec(C[W]%) by the proj-construction of GIT
quotient [CCFK15, §2.2][MFK94]:

X =Proj &5, (W, W xC,g)°.

Let e be the least common multiple of the exponents |Aut(Z)| of automorphism groups
Aut(z) of all geometric points £ — X of X. Then, for any character p of G, the line bundle
L%’e is the pullback of a line bundle from the coarse moduli X of X. Here the line bundle L,
is defined by the Borel (mixed) construction 1.3.

Definition 2.1. Given a scheme S over Spec(C), f = ((C,q1, - ,qm), P,x) is called a
quasimap over S (alternatively 6-quasimap over S) of class (g,m, ) if it consists of the fol-
lowing data:

(1) (Cyq1,-++ yqm) is a flat family of genus g twisted curves with balanced nodes over
S [AGVO08, §4], and m gerbe marked sections qi,--- ,qm over S. Here we don’t re-
quire the gerbe sections to be trivialized;

(2) P is a principal G-bundle on C;

(3) x is a section of the affine W—bundle (P xW)/G over C so that it determines a
representable morphism [z] : C — X = [W/G] as the composition

C—2 (P xW)/G—=[W/G] .

We say that the quasimap f is of degree § € Homz(Pic(X),Q) if B(L) = deg([z]*L)
for every line bundle L € Pic(X%);
(4) The base locus of [x] defined by [z] ™1 (X\X) is purely of relative dimension zero over S.

Sometimes, we may also use the notation f : (C,q = (¢;)) — X to mean a quasimap (or
f-quasimap). A quasimap f is prestable (or —prestable) if the base locus are away from nodes
and markings.

Remark 2.2. We can extend the definition of #-prestable quasimap to allow any rational
character 6" such that 6'-prestable quasimap is same as af’-prestable quasimap for any a € Q<.

Consider a prestable quasimap f, since the base point is away from nodes and marking
points, for each ¢ € C, as in [CFKM14, Definition 7.1.1]. We define the length function lp(q)
as follows:

(2.1) lo(q) = min{([x]%)(ﬂ s € D(W, W xCpg)%, [z]*s #0, n € Zwo} ,
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where ([x]*s), is the coefficient of the divisor ([x]*s) at ¢. Note that here the length function
lp depends on the integral character . We have the following important observation about the
length function lp: choose o € Q¢ such that 6’ = é@ is another integral character. Then we
have

lg = Oélg/ .

Thus the length function lg can be defined for any rational character 6. That is, choose
a € Qs and an integral character 6 such that #’ = af), then we define

lg/ = Ozlg

as in [CFK16, Definition 2.4], Note that the definition of lys is independent of decomposition
of ' as a product of positive rational number o« and an integral character 6 by the above
observation.

Fix a positive rational number € € Q<. Given a prestable quasimap f over Spec(C), we say
f is a e-stable quasimap to X if f satisfies the following stability condition:

(1) the Q—line bundle (¢ ([2]*Les))s @ wlcog on the coarse moduli curve C of C' is ample.
Here ¢ : C — C is the coarse moduli map. Note that the line bundle [2]*Leg on C' is
a pullback of a line bundle on the coarse curve C by the choice of e and the prestable
condition. Here wlc?g =wc(Xi%, ¢;) is the log dualizing invertible sheaf of the coarse
moduli C} a B

(2) €lp(q) < 1for any q € C.

Definition 2.3 (0'-quasimap). Using the above generalization of length function lg: for a ratio-
nal character 0, we can give the definition of 6'-stable quasimap: given a 0'-prestable quasimap
F=0Cq1, -+ ,qm),[z]), we say f is a §'-stable quasimap to X if

(1) the Q—line bundle (¢ ([z]* Lyey:))®e ®wlgg on the coarse moduli curve C of C' is ample.
Here ¢ : C — C' is the coarse moduli map, and b is a positive integer which makes b6’
an integral character. Note that the ampleness is independent of choice of the positive
integer b.

(2) lg(q) <1 for any q € C.

Given a GIT target (W, G,0), following [CFK16, Propsition 2.7], an essentially equivalent
definition about e-stable quasimaps to X is, but from a different point of view, the concept of
a ef—stable quasimap to X. The concept of ¢'-stable quasimap will play an important role in
the construction of master space in Section /. For a rational character 6’ of G, we will use the
notation Qg’m(%, B) to mean the moduli stack of €’ -stable quasimaps to the quotient stack X of
class (g,m, B). If we choose ' = €8, then the space Qg:m (X, B) is same as the space Qf ,,,(X, )
of e-stable quasimaps we introduced before.

We call a prestable quasimap f over a scheme S e-stable if for every C-point s of S, the
restriction of f over s is e-stable. We call f 0+stable if f is e—stable for every positive rational
number € € Q.

Definition 2.4. A group homomorphism € Homgz(PicX,Q) is called Lg-effective if it is
realized as a finite sum of classes of some quasimaps to X. Such elements form a semigroup
with identity 0, denoted by Eff (W, G, 0), and we call it a degree.

We will need the following lemma proved in [CCFK15, Lemma 2.3].

Lemma 2.5. If ((C,q),[z]) is a quasimap of degree B, then 3(Lg) = 0. Moreover, 3(Ly) =0
if and only if B =0, if and only if the quasimap is constant (i.e., [x] is a map into X, factored
through an inclusion BT' C X of the classifying groupoid BT of a finite group T).
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In the following, we will give an explicit description of quasimaps to toric Deligne-Mumford
stacks.

Example 2.6 (Quasimaps to toric stack). Recall the construction of a (semi-projective) toric

Deligne-Mumford stack (or toric stack in short) by a GIT data (W, G, ). Let G = (C*)*, and

W = @} ,C,, be a direct sum of 1-dimensional representations of G given by the characters

pi € X(G) for 1 < i < n. We will denote [n] to be the tuple of (not necessarily distinct)

characters p; of G for 1 < i < n. The toric stack X is defined to be the GIT stack quotient
[W*2(0)/G].

Since we always assume that W**(6) = W*(0), then X is a semi-projective Deligne-Mumford
stack(i.e., proper over an affine scheme).

Then in the definition of quasimaps to the toric stack X, we can replace the principal
G—bundle P by k line bundles (L; : 1 < j < k) on C, and replace the section z in the
definition of quasimap by n sections

Z=(z;:1<i<n) e G}F,E[n]r(c, Lp) ,
where L, is a line bundle on C' defined by
L, = ®?:1L?mj )

where and the numbers (m; : 1 < j < k) are determined by the unique relation

k
p = E m;m;
j=1

in the character group x(G) of G. Here (m; : 1 < j < k) are the standard characters of
G = (C*)* by projecting to coordinates.

One novel application of #’—stable quasimap for a rational character 6’ is the use of the
notion of (0, e)—stable quasimap introduced in [CFK16].
Definition 2.7. [(¢',€)-stable quasimap] Given a tuple € = (g1, ,¢p) € (Qx0)P, we will
call a prestable quasimap f := (C,q,f : C — [W/G] x [C/C*]P) a (#',€)-stable quasimap to
X of type (g, mlp,B) if f defines a 8’ ® @!_, e;idc~-stable quasimap to [W/G] x [C/C*]P of
type (g, m,(B,1,---1)). We will denote Q;‘gﬂfl;(ae, B) to be the moduli stack of (0',€)-stable
quasimaps to X of type (g,m|p,B). We call f is (8',(0+)P)-stable if f is (¢,€)-stable for all
e € QY and we will denote Qz ;2‘;(%, B) to be the moduli stack of (¢, (0+)P)-stable quasimaps
to X of type (g, m|p, B).
Remark 2.8. It’s shown in [CFK16] that a (6, €)-stable map to X is equivalent to a e-weighted
#’'-stable map to X, i.e. the source curve is allowed to be a Hassett-stable curve with additional
p e—weighted markings. Thus the moduli stack QZ ;;‘p(ae, B) is equipped with p additional
universal evaluation maps to X (not only to X). We will denote them by

;1 QU (X,8) X, 1<j<p.

2.1. Quasimap invariants. We define the quasimap invariants in this section following [CFK14,
CFKM14, AGV08, CCFK15]. Consider an algebraic torus T action on W, which commutes
with the given G—action on W. Here T can be the identity group. Assume further that
the T—fixed loci X§ of the affine quotient X, = Spec(C[W]%) is 0—dimensional. We also
denote K := Q({\;}) by the rational localized T-equivariant cohomology of SpecC, with
{1, )\rank(T)} corresponding to a basis for the characters of T. Denote

Ag = K[[Ef(W, G, 0)]]
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to be the corresponding Novikov ring. We write ¢° for the element corresponding to 8 in Ax
so that A is the g-adic completion.
Given any two elements o, oo in the T—equivariant Chen-Ruan cohomology of X,
HEER,T(X’ Q) = H’;(I_LLX7 Q) )

we can define the Poincaré pairing in the non-rigidified cyclotomic inertia stack I, X of X:

—— *
(o1, a2)orb, == - QL .
ZTEN>1 e I X]

Here ¢ is the involution of I uX obtained from the inversion automorphisms. Therefore, the
diagonal class [A7 y] obtained via pushforward of the fundamental class by (id,¢) : 1,,, X —
I, X x I, X can be written as

S rlAn x1 =) 6o ®¢ in H([,X x [,X,Q),

r=1
where {¢.} is a (graded) basis of H¢g (X, Q) with {¢*} the dual basis with respect to the
Poincaré pairing defined above, more precisely,

<¢a) ¢B>0rb = 5(1,,8 )

where 0,5 =1 if a = and 04,5 = 0 otherwise.
Denote by v; the first Chern class of the universal cotangent line whose fiber at ((C, g1, ..., ¢m ), [2])
is the cotangent space of the coarse moduli C' of C' at i-th marking ¢, For nonnegative integers

a; and classes ; € Hy(1,X,Q), §; € Hx(X,Q), we write

(1™, . amp®™; 6y, 0 >9 - / evf ()i | | v}
P)0,mlp,B " [Qom\p(xﬁ) WH H

When ¢ is empty, 8’ = €6 for a integer character 6, we will also write this as

<0411Za1 DREEE) aqujam >€
when e is sufficiently large, the above formula recovers the usual Gromov-Witten invariants, in
which case, we simply write this as

<a11/;a1’ ceey aquam> .
We will also need the morphism
(2.2) (€v;)« = tu(rj(evs)s),

where r; is the order function of the band of the gerbe structure at the marking g;. Define a
class in HI' (I, X) = H3(I,X) by

(2.3) Q1) s Qs =)0 ms1.8 = (EVmt1)s ( Hev ;) N [Qf i1 (X, ﬁ)]w)
(24) = Z¢a<0[1, ey Oy ¢a>8,m+l,ﬁ .

3. GEOMETRY OF COMPLETE INTERSECTIONS IN TORIC DELIGNE-MUMFORD STACKS

From now on, we will fix a GIT data (W = C",G = (C*)¥,0), which represents a proper
toric Deligne-Mumford stack (or toric stack in short) X := [W?®%()/G] as in example 2.6. We
will also fix a vector bundle E over X := [W/G] which is a direct sum of line bundles &f_, L,
associated to characters (75)§_, of G. Let s, € T(W, WxC,, )% be sections such that they cut off
an irreducible complete intersection in W which is smooth in W** := W*%(0). Denote by AY
the zero loci of the section s := @5_, s, and by AY®® := AY**(0) the corresponding semistable
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loci. Note that we have that AY** = AY*5(0) = AY NW?*%. Then (AY, G, 6) determines a GIT
quotient Y := [AY*%(0)/G], which is a complete intersection in X. We will denote ) := [AY/G]
to be the quotient stack corresponding to Y.

It’s well known the rigidified inertia stacks of Y and X are

LY = | [[AY**(0)?/(G/(g))), T.X = | |[W**(6)?/(G/{9))] -

geG geG
For each g € G, denote by I,Y := [AY**(0)9/(G/{g))] and [, X := [W*(0)9/(G/(g))] the

rigidified inertia components of X and Y respectively. We note that I_gY or I_gX is nonempty
only if g is torsion as Y (and X) are Deligne-Mumford stacks.

To describe the relationship between I, X and I,Y, we will need the following lemma:

Lemma 3.1. For any torsion element g € G, the inclusion of g—fized subspaces AY**(8)9 C
W#s(6)9 is a complete intersection with respect to the sections {sp|b: 7p(g) = 1}.

Proof. For any point p € W*%(#)9 such that s vanishes on p, we have the following short exact
sequence of tangent spaces

0— T,AY**(0) — T,W**(0) — ®;_1C,, = 0,

which is also exact as representations of the finite group generated by g. Taking the g-invariant
subspace of the above exact sequence, we get

0 — T,AY*(0)? = T,W*(0)? = Dbz, (9)=1Cr, = 0,
which implies the lemma. ([l

For any degree § € Eff(W, G, 0), we will define an element gg € G, and two special sub-
varieties Y§* C AY**, Z5* C W** needed in the statement of the mirror theorem:
g5 = (eQﬂ\/jlﬂ(L"l), . ,QZwﬁﬂ(ka)) cG = ((C*)k ;
(3.1) Y3 = (AY**)9% 0 {(2;) € Wlz; = 0Vi : B(L,,) € Lo}
Z5% = (W) 0 {(x;) € Wla; = 0Vi: B(Ly,) € Z<o} -
In the end of this section, we will prove Lemma 3.2 which relates the geometry of Y;® and Z§°.

The geometrical significance of introducing Y;* and Z3° is that the quotient stacks [Y;3°/G]
and [Z3°/G] describe important classes in the stacky loop spaces for X and Y which we now
describe.

First of all, let’s recall the definition of stacky loop space into the toric stack X (cf.
[CCFK15]). Set U = C?\{0}. For any positive integer a, denote P, to be the quotient stack
[U/C*] defined by the C*-action on U with weights [a, 1] so that 0 := [0 : 1] is a non-stacky
point and oo := [1 : 0] 2 By, is a stacky point. The stacky loop space into X

QIP’,,,J (X, ﬁ) C Homgep(lpa,lv x)

is defined to be the moduli stack of representable morphisms from P, ; to X of degree 3 such that
the generic point of P, 1 is mapped into X. By [CCFK15, Lemma 4.6], for such a representable
morphism to exist, a must be the order of the finite cyclic group generated by gs. We note
that a is also the minimal positive integer making af(L,) an integer for all character 7 of G.
We can define the stacky loop space into Y in a similar manner, and denote

Qr,., (Y. ) € Hom}(Pa1,9)

by the moduli stack of representable morphisms from P, ; to ) of degree 3 such that the generic
point of P, ; is mapped into Y.

Let a be the integer associated to gg as above. Now we give a GIT representation of the
stacky loop space Qp, , (X, 3). Let C[z1, 23] be the polynomial ring on variables z; and z; with
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weights a and 1 respectively. For any integer n, denote by C[z1, 23], the vector subspace of
C[z1, 2] consisting of homogeneous polynomials of degree n. Consider the finite dimensional
vector space

Wg = @ (C[Zl,ZQ]aﬁ(Lp)
pE(n]
equipped with the G-action given by the direct sum of the diagonal G-actions where G on acts
on the component C[z1, 22]ap(L,) Dy the character p so that C[z1, z2]ap(L,) = D C,. Given any
element of W3, we can naturally associate a morphism from P, ; to X of degree 3. Then we
have the equivalence of the following two stacks:

Hom® (Pg,1, X) = [Wp/G]
under which equivalence, we have

Qr, . (X, 8) = [W5*(0)/G]

where W5*(6)(= W;(0)) is the semistable loci of W under the G—action.
Consider the C*—action on P, ; defined by

t(21,22) = (tZl,ZQ) )

for all (z1,22) € U and t € C*. This induces a C*—action on Qp, (X, /) as well as on
Qp, (Y, B). Denote F3(X) (resp. Fj(Y)) to be the subspace of Qp, , (X, #)(resp. Qp, ,(Y,5))
which consists of representable morphisms f : P, 1 — X (resp. f:Py1 — 2) with [0:1] as the
only base point. More explicitly, Fg(X) (resp. Fg(Y)) is comprised of the morphisms in the
following form
[iPa1 =X (vesp. ), (z1,22) — (aPZf(LP))pE[n] ;

where the coefficients (a,) satisfy that (apzf(Lp) :p € [n]) € W5*(0). Note that for such a map
to be well defined, a, must be 0 when 3(L,) ¢ Z>o, this implies that the tuple (a,),cn € Z5°.

We can see that Fjg(X) (resp. Fjp(Y)) is a component of the C*—fixed loci of Qp, , (X, 3)
(resp. Qp, ,(Y,)), and we have a quotient stack description as follows:

F3(X) 2 [25°/G), and F(Y) = [V5°/G] .

It’s clear that Y§* is cut off by the sections {sy|b: B(Lr,) € Z} on Z3°, but this may not be
a complete intersection. Indeed, one can show the following:

Lemma 3.2. For any b such that B(L-,) € Z<o, the section sy vanishes on Z5*. Thus Y5* is
merely the vanishing loci of sections {sp|b: B(L+,) € Zzo} in Z°.

Proof. For b with B(L,) € Z<o and any point & = (a,)pe[n) € Z3°, the corresponding morphism
in Fg(X) is in the form

[#] : Py — X [21,20] = (202, pepny -

Then the pullback of section s; to P, 1 becomes sb(f)zf(LTb). However, as the pullback line
bundle [Z]*L,, is of degree 5(L.,) < 0 on P, 1, hence there is no nonzero section in the line

bundle [Z]*L,,, which implies that s,(Z) = 0. Now the lemma follows. O

Definition 3.3. Denote Eg := ®b:B(L7b)eZ>oLn and sg = (sb)b:B(LTb)eZ>o' We will also use
the notations Eg and spg to mean the vector bundle and the section for [Zgé/(G/<ggl>)] by
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restriction and descent. Using the above lemma, we have the following Cartesian diagram

Y /(G/lgs DI 25 /(G/{g5"))]

lsﬁ

125 /(G g5 )] - B

where O, 4s the zero section and the first horizontal arrow and the first vertical arrow are the
natural inclusion. Then we have a Gysin pullback O!Eﬁ : A*([ng/(G/<ggl>)]) — A*([Yﬂ‘”/(G/<ggl))]) )
which is also denoted by s’EB’lOC known as the localized top Chern class [Ful84, §14.1] with respect

to the vector bundle Eg over [Z;b/(G/<g§1>)] and the section sg.

Let i : [YBSS/(G/@[;l))] — fgle and j : [ng/(G/<gﬂ_1>)] — fgng be the natural inclusions.
Now we can summarize all the spaces we’ve introduced into the following cube:

(3.2)

Y52 /(G/{g5 ")) (25 /(G/{g5"))]
_ sg _
I9371Y< I ElX
-1 Omg v /
125G/ 1))] ~Es sy o
_ Oy, RN
Igﬂle Elﬁ = @b:ﬂ(LTb)eZ L, ,

where all faces are Cartesian and all arrows in the above digram with no indicated names
are understood as natural inclusion maps. Note here the base of the vector bundle Ejg is
[ng/(G/<ggl>)] while the base of vector bundle Ej is I_ggl X.

Corollary 3.4. Fiz a degree 8 € Eff(W,G,0). If the set {b | 8(L,,) € Z} is exactly the set
{b|B(Ls,) € Zxo}, then we have that

i4(5,100([25° /(G /g5 VD) = (1 Dp) -1y

9p
pE[n]:B(Lp)EZ<o

in A*(I_gle), where ]lggl s the fundamental class of I_gle, D, = ci1(L,) is the class of the

coordinate hyperplane given by x, = 0. In particular, when the set {b | B(L,) € Z} is empty,
then we have Y5* = Z§*, and IgE1Y = Ig;l X, and S!Eﬁ,loc is the identity morphism.

Proof. In this case, the bottom square in (3.2) is a fibre diagram where the horizontal arrows
are regular embeddings of the same codimension. Then we have (see [Ful84, Theorem 6.2(c)])

0, (125°/(G/{g5 " N]) = 85, 100125 /(G g5 D)) -
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Applying the commutativity of pushforward and Gysin pullback (see [Ful84, Theorem 6.2(a)])
to the joining of top square and front square of 3.2, we have

i O, (125 /(G /g3 D) = O, (G125 /(G /g5 )
=0y (I Do [FX)

pEIn]:B(L,y)EZ<o
= I D)0y (T, X))
pEIn]:B(Lp)EZ<o

= ( 11 Dp)-1,Y .

pE[n]:B(Ly)€EZ<o

Here the last line follows from the fact that the two horizontal arrows in the front square of
diagram 3.2 are both regular embedding of the same dimension. O

Now we are ready to explain the notations appearing in (1.1).

Definition 3.5. Let (W = ©,¢nC,), G = (C*)*,0) be a GIT data defining a proper DM toric
stack X with' Y C X a complete intersection associated with the split vector bundle ®f_, L.,
on X as in the beginning of this section. Let | be a monnegative integer and uy,--- ,u; €
Q[z1, -+, zk] bel polynomials depending on k (= rk(G)) variables. We define the big I—function
of Y to be:

(3.3)

H(Qat,z) = Z qﬁeXp(éztiui(cl(Lﬂj)+ﬂ(Lﬂ'1)ZW" ’Cl(Lﬂk)+6(Lﬂk)2))

BEER(W,G,0) i=1
. II,. B(L,)<0 Hﬁ(L cicoDp + (B(Ly) —1i)z)
IL50,)50 Io<icpr,) (Do + (B(Ly) —i)z)
. hse. ,)>0 IL. 0<z<5(L,b)(Cl(Lrb) (B(L,) —i)z) | s 1
Moty o Mapt, crcole1(En) & (B — 1z) = St 25716095 D)

Some explanations of the notations are in order:

(1) The summation range Eff(W, G, ) is the semigroup of degrees as defined in 2.4.

(2) ¢” stands for the Novikov variable corresponding to the degree 3 in the Novikov ring,
see §2.1.

(3) t1,---,t; are formal variables. Sometimes we also use the notation w;(c1(Lx, )+B(Lx,)2)
to simplify

ui(cl(Lﬂ'l) + ﬂ(Lﬂ'l)Z’ T 761(L7Tk) + 6(L7Tk:)z) )

where 71, - - - , m, are standard characters of G(see Example 2.6) and L, (similarly L,)
is the line bundle associated with the character m; by Borel construction as in Definition
1.3.

(4) Here p ranges over the n characters appearing in the GIT data (W, G, 6), see Example
2.6. We denote D, = c¢1(L,).

or each degree [ € , G, 0), the term 7, (s] " 1s applying the

5) F h d B € Eff(W, G, 0), th (82, 100257 /(G (g5 1)) i lying th
pushforward morphism i, induced from the inclusion i : [Y5*/(G/ <gg1>)] -1 951Y to
the class S!Eﬁ,loc([ng/<G/<g§1)]) defined in Definition 3.3.
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Recall that the Euler-twisted I-function [CCIT19, §4] for toric stack X with respect to the
split vector bundle @ L, is

K= Y oS Y tlall,) + (L))

BEES(W,G,0)
I,50,)<0 s,)<ico(Pp + (B(Ly) —1)2)
. Hp:B(Lp)>O HO<i<B(LP)(DP + (B(Ly) —)2)
Hb:,@(LTb)>0 Hi:0<i<ﬁ(L7b)(ﬁ +c1(Lr,) + (B(L7,) —i)z2) <
. [sr.,) <0 lipcr,,)<ico(r + c1(Ln,) + (B(Lr,) —i)2) 9"
Here we discard the factor z of the twisted I-function in [CCIT19], ]lXﬁ . is the fundamental

(3.4)

class of T gng and k is an equivaraint parameter corresponding to C*—action of weight one.
Now we set [ = n and choose polynomials w; in (1.1) as follows: let w;(zq,---,zk) =
Zf:l mi;x;, where m;; are integers satisfying that p; = Y m;;m;. Then we have that
ui(c1(La,), -+ e1(Ly)) = (L)
and
ui(c1(Lny) + B(Lry)z, -+ s c1(Lmy) + B(Lny)z) = c1(Lp,) + B(Ly,)z-
Now we can show the following relation between our big I-function and the twisted I-function.

Corollary 3.6. Take u; = c1(L,,) + f(Ly,)z in (1.1) as explained above. Expand the twisted
I-function It in Novikov variables

I;gu _ Zqﬁlé?tw )

Note that 15" belongs to H*(I 71X)[ 2t ta]l. Define I TT, (5 + e1(L,)) to be
Sl [ (v+alls))
5 b:A(Lr,)EL

Note that [].5r,. ez ¢1(Lr,) is the Euler class of the normal bundle of inertia component
_ )

Igle in Ig;lX. Then I T, (5 + c1(L+,)) _ha,s a lz;mit as K goes to zero, and it’s equal to
pushforward 1,1(q,t, z) along the inclusion ¢ : 1,Y — I, X.

Proof. Notice that the limit lim, o % [], (FL +c (Ln)) is equal to

> (o Dol + BlEp)2)

BEER(W,G,0)
' [L52,)<0 51, <ico(Dp + (B(Ly) — i
Hp :B(Lp)>0 HO<@<[5(L (Dp (3( )
Hb B(L~,)>0 Ht 0<z<[3(LTb)(Cl(LTb) (B(Lr,) —i)z) .
Mo oo Mot ycrn(@ o)+ B 9y ot 11 eala)

b:B(Lry)EZ>0

(3.5)

.

Then the conclusion follows from a tedious but straightforward comparison between ¢,1(q, ¢, 2)
and the above limit by using the relation

s EnlZ G/ =1 T e [ al).

p:B(Lp)EL<o b5ﬁ(L7b)€Z>0



16 JUN WANG

To prove the relation (3.6), first observe that the composition ¢ o : [Y3* (G/(g[;l))] — nglX

is also the composition of the two natural inclusions ig : [Ygg/(G/<gB_1>)] C [Zp (G/(gglm
and j : [ZES/(G/@glm — fgng. Then we have

b (i (8 100 (1257 /(G /{95 ) = G (i) (8, 100 (1Z5°/ (G /{95 D))
= JxCrop(Ep)

=53 C I am)

b:B(Lry )EL>0

(3.7)
= J(lzge) - ¢1(Lx,)
b:8(Lr,)EZ50
= 1;%1 Il e I as),
p:B(L,)EZL<o b:,B(LTb)EZ>0

where 1. is the fundamental class of [ng/(G/<g§1>)] in H*([Zgg/(G/@ﬁ_l))])
O

3.1. Two special cases of the mirror theorem. Using Corollary 3.4, we consider two
interesting special cases of the I-function. The first case is when Y is a hypersurface with
respect to a line bundle L := L, for some character 7. The mirror formula (1.1) becomes

i icoDp+ (B(Ly) — 1)z
Ig,t,2) = Y, qﬂexp-H”ﬂ(L”KOHﬁ(L”K <olDp + (B(Ly) = 0)2)
BEEF(W,G,0) sz, 50 Hocicp,) (D + (B(Lp) —1)2)

B(L)=20

< ] (a@+®BE) - 1)2) 1,1

0<i<B(L)

=
~
R
~—
I
~
~
I8
~

. i D, +
+ Z deXp.HP-ﬁ(LPKOHﬁ(LPK <0( » + (B(

=
—~
~
)
~—
\
~
~
I\
~

BEE(W,G,0) IL52,)50 [o<icar,) (Do + (
(3.8) B(L)e,
1
Yss G —1
< M mrm g /e
I1,. I1 <0(Dp + (B(Ly) — i)2)
Bexp - p:B(Lp)<011p(L,)<i<o\ P p
! Z e Hp:B(LP)>0 HO<i<B(LP)(DP+(ﬁ(Lp) —1)z)

BEEA(W,G,0)
B(L)E€Q<0\Z<o

1
< 11 (@@ + (@) 7)o

B(L)<i<0
Here exp is short for exp(2 22:1 tiui(c1(Lx;) + B(Lx,)z)) and [[YES/(G/@El»H is the fun-
damental class of [Yﬁss/(G/<gﬂ_1>)] in H* (I_gg1Y). Note that we only use Corollary 3.4 in the

first and third summand of (3.8), while in the second summand we use the fact that the Gysin
pullback S!EBJOC is just the identity morphism as the vector bundle Ej is of rank zero when

B(L) € Z<o.

Remark 3.7. The reader may wonder whether we can express the cohomology class [[Yﬁ” /(G/ (g[;l))]]
as the product of ]].ggl and D, like in other cases. Note that this will in particular imply that

Yz /(G/ (ggl))]] is an ambient cohomology class (i.e., a cohomology class pulled back from
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the Chen-Ruan cohomology H* (I, X) of the ambient toric stack). However, [[Ygs/(G/<g§1>)]]

is not an ambient cohomology class in general. For example, let X = P3 and Y be a qua-
dratic hypersurface of X. We will choose a GIT presentation of X and degree  such that
[[YEV(G/(gﬁ_l))]] can be the line {[0, *, *,0] € P3}. To achieve this, we choose a non-standard
GIT presentation of P3: Let W = C®, G = (C*)? so that G acts on W via the right action

(1,22, 3, Ta, x5) - (t1,t2) = (trx1, Litawa, titaxs, tixy, taxs) |

where (21,9, 23,24, 25) € W and (t1,t2) € G. If we choose the stablity condition 0(ty,ts) =
t1t3 € x(GQ), we have W*5(0) = (C*\{0}) x C*. Let Y be the quadratic hypersurface cut off
by the polynomial z1xz9 — 2324 and we choose degree § € Eff (W, G, 0) defined by 5(Ls,) = —1
and B(L¢,) = 1. It’s a very interesting question to use this to calculate the GW invariants with
insertion of non-ambient cohomology classes and we will explain how to do it elsewhere.

The second case is when all the line bundles L., are all semi-positive, i.e. 8(L,) > 0 for all
B € Eff(W,G,60) and b. Then the I-function specializes to:

l
H(Qatvz) = Z qﬁexp<éztiui(cl(1’ﬂj> +ﬂ(Lﬂ-J)z))

BEEH(W,G,0)
(3.9) y Hp:ﬁ(LP)<O HB(LP)<i<0(D/J + (B(Ly) — i)2)
IL,5,)>0 [locics(r,) (Do + (B(Ly) —1)z)

<IIT TI (@) +BEn) = i)2)1,

b 0<i<B(Lnr,)

The above formulae match the formula for positive hypersurfaces in toric stacks for which the
convexity holds [CCIT15, §5] and the formula for a ray divisor (given by a coordinate function
corresponding to the ray) of a toric stack for which the convexity may fail [CCIT15, CCFK15].
See §7 for a non-positive example where the convexity fails.

4. MASTER SPACE I

4.1. Construction of master space I. In this section, we will construct a master space which
is a root stack modification of the twisted graph space considered in [CJR17]. Let (AY,G,6)
be the GIT data which gives rise to a complete intersection in the toric stack X = [W*%(0)/G]
as in previous sections. Since a positive rational scaling of the stability character 6 will not
change the GIT quotient. Without loss of generality, let’s assume that the line bundle Ly on
Y = [AY*°(0)/G] is the pullback of an ample line bundle on the coarse moduli space Y of Y.
First we will consider the following quotient stack

PY P = [(AY xCP x C?) /(G x (C*)P x C*)]
defined by the following (right) action
P
(fa 377 21, Z2) : (gv h7 t) = (f 9, (hjyj);):l? 9(9)_1(H hjl)thlv tZQ) ’
j=1

where (g,h = (h;)i_,,t) € GX(C*)PxC*, (Z,7 = (y;)i—1, 21, z2) € AY xCPxC?. For simplicity,
we will write AY), := AY xCP, and G, := G x(C*)P. Let 6, be the character of G, defined by

p
0,(9,h) = 0(g) [ [ hs for all (g,h) € G,, .
j=1
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Fix a positive rational number ¢ € Qsg N (0,1]. We consider the stability given by the
rational character of G, x C* defined by

5(‘97 ha t) = ep(ga h’)et?’r

for (g, h,t) € G,xC*. Then the GIT stack quotient [(AY,xC?)*(¢ )/(G’ xC*)] is the root stack
of the P! —bundle Py (L_g @& C) over Y by taking r-th root of the infinity divisor D, given by
zo = 0. We will denote the GIT stack quotient [(AY} x (CQ)SS@)/(GP xC*)] to be PY =, which
is equipped with the infinity section Do, given by zo = 0 and the zero section Dy given by
z1 = 0. Note that this GIT quotient is independent of the integer p as the semistable(=stable)
loci (AY, x C2)%5(6) = AY**(0) x (C*)P x (C2\{0}). We will take p = 0 as our standard GIT
quotient reference for ]P’Y%, which will be canonically identified with other GIT quotients from
]P’Qﬁ*p by choosing the embedding AY C AY, as AY 2 AY, n{y; =1]i=1,...,p}

When the integer r is prime to the orders of isotropy groups of all points for X, which
happens, in particular, as r is a sufficiently large prime, the rigidified inertia stack I, MIPY% of
PY + can be decomposed as the disjoint union

|_|u’” LY .
1 2

Let (z, (g,t)) represent a C—point of fM]PY% where  is a C—point of PY + and (g,t) € GxC*
represents an automorphism of z in the isotropy group of x in PY r. If (z,(g,t)) appears in the
first factor of the decomposition above, then the element (g, ) is in the subgroup Gx{1} C G><(C*
and the space P(I}, Y)+ can be further decomposed as P(I, Y)r = = UgecP(I, Y)~, where P(I, Y)r
is defined as the quotient stack

3=

P(I,Y)" = [(AY ()7 x (C\{0})*)/((G/(g)) xC")]

via the action similar to P9)+0 as above; if (z, (g, t)) occurs in the second factor of the decom-
position above, the automorphism (g,¢) lies in Gx{pul : 1 < j < r—1} C Gxp,, and the point
x belongs to the infinity section D, defined by z3 = 0. Here u, = exp(%) € C* and p, is
the cyclic group generated by ;..

For (g,t) € Gxp,, we will use the notation f(g,t)]IDY% to mean the rigidified inertia stack

component of I M]P’Y% corresponding to the isotropy element (g, t).
Consider the moduli stack of f—stable quasimaps to P)77:

] 1 )
Qg,m(P@i7pa (d7 1p’ ;)) .
More concretely,
1 1 ) oo
Qg,m(P@F’pv (d7 1;0’ ;)) = {(07 qi,.--,Qqm; L17 T 7Lk+p7 N;xuyvzlv 22)}7

where (C;q1,...,qm) is a m-pointed prestable balanced orbifold curve of genus 0 with possible
nontrivial isotropy only at special points, that is, marked gerbes or nodes, the line bundles
(Lj :1<j<k+p)and N are orbifold line bundles on C with

(1) deg([#]) = d € Hom(Pic(9),Q), dea(N) =",

(4.2) deg(Li+j) =1, 1<j<p,
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and
n p
(@,7,2) == (1, T Y1 Upr 21, 22) ET | P Ly, @ P Lirj @ (Lo, @ N )& N
i=1 j=1

Here, for 1 < ¢ < n, the line bundle L,, is equal to

®§:1L§)m” ;
where (m;;) (1 <i<n,1<j<k+p)is given by the unique relation p; = Zle m;;mj. The
same construction applies to the line bundle L_g, on C. Note that here ¢ is an integer when
Qgﬁm(]P’Q‘j%’p, (d, 17, g)) is nonempty as N®" is the pullback of some line bundle on the coarse

moduli curve C of C.
We require that the following conditions are satisfied for the above data:

o Representability: For every g € C with isotropy group G, the homomorphism BG, —
B(G, x C*) induced by the restriction of line bundles (L; : 1 < j < k+p) and N
to g is representable. Note that the image of the homomorphism lies in the subgroup
GxC* C GpxC*.

e Nondegeneracy: The sections z; and zs never simultaneously vanish. Furthermore, for
each point ¢ of C at which z5(g) # 0, the stability condition 2.3

lglg) <1
for 6-stable map to Pi{)%’p becomes the stability condition

(4.3) leo, (@) <1,
for the prestable quasimap [Z, 3] : C — 9 x [C/C*]P. For each point ¢ of C' at which
22(q) = 0, we have

(4.4) ord, (%) = ord,(y) = 0.
We note that this can be phrased as the length condition (2.1) bounding the order of

contact of (Z, ¢, Z) with the unstable loci of Y+ as in [CFK16, §2.1].
e Stability: The Q—line bundle

P
(0+(L0))®* @ Q) b (Li15) % ® ¢u(N®*") @ w?
j=1
on the coarse curve C is ample. Here ¢ : C — C is the coarse moduli map. Note that
here, the line bundles Ly, (Lkﬂ')?:l and N®3" are the pullback of line bundles on the
coarse moduli of C.
o Vanishing: The image of [Z] : C'— X lies in Q).

Let m = (vy,- - ,um) € (GXx p,)™. We will denote Qgﬁ(PQ_)%’p, (d, 17, 2)) to be:

_ 5 B B
Q8 (PYTP (d,17, ) Nevy (I, PY ) N ---Nevy (1, PY ™)
: r
where 5
ev; : Qg,ﬁl(ﬂj’ﬁ_)%’p, (d,17, ;)) — I_N}P’Y%

are natural evaluation maps by evaluating the sections (&, Z) at ith marking ¢;. Evaluating the
section & at the vanishing loci of the section y; of the degree one line bundle Ly ; for 1 < j < p,
which corresponds to a smooth non-orbifold point on C' (as it must be a base point), one has
another tuple of evaluation maps

(45) eA’U] : Qgﬂﬁ(ﬂb@%#” (d7 1p7 g)) - ED ’
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for 1 <j<p.

Remark 4.1. The above constructed master space is a generalization of the twisted graph
space used in [CJR21,CJR17], which they use to prove the high genus quasimap wall-crossing
assuming the genus zero wall-crossing for quasimap J—function holds. So it may be surprising
that certain modification of the twisted graph space in loc.cit can be used to prove the genus
zero quasimap wall-crossing in this paper.

Because Qg’m(]P’Qj%’p, (d, 17, %)) is the moduli space of stable quasimaps to a proper lci GIT
quotient, it is a proper Deligne-Mumford stack equipped with a natural perfect obstruction
theory relative to the Artin stack 9%, of prestable twisted curves by [CFKM14]. This relative

0,m
perfect obstruction theory has the form
(4.6) E:= R‘w*(f*’]l‘]m%yp) .

Here, we denote the universal family over Qg’m(]}”ﬁ‘j%p, (d, 17, g)) by

/

c PY)+ P

Q)2 BV, (8,17, ).
The obstruction theory (4.6) can be obtained as the cone of the morphism of complexes
(4.7) R*7.(Oc ® grp) = Rm.(V ® (B)_1 L1y s) ® (Lg, RN BN,
which is induced from applyinglR'm to the distinguished triangle (see [CFKM14, §5.1]) of the
of PP

tangent complex TMD%D

AY"aP XGr,p g'r’,p - AY’"P XGT,:D TAYT,P - T[PQJ 1

7P

Here we use the GIT representation PQ)+? = [AY, /G, as constructed before, where’
AY, , = AY x CP x C? and Grp = GpxC* (grp is the Lie algebra of G,,). Here L;
(1<j<k+p) and N are the universal line bundles over the universal curve C and

VC EB;L:I[’P@'

is the subsheaf of sections taking values in the affine cone AY of Y. Somewhat more explicitly,
the sub-obstruction-theory E,p, := R*m. (V) comes from the deformations and obstructions of
the sections Z. Then Eg,; fits into the following distinguished triangle:

(4.8) Esup — R (@71 Lp,) s Re7. (©h—1Lr,) -
Here ds = ®j_,dsp where dsp : R*m, (@], L,,) = R*m, L, is induced from the vector bundle
map

@:'L:l‘cpi — £Tb
which sends & = (z;)}_; to sp(Z). We note that we can interpret R*m,.(O¢ ® g, ,) as the defor-
mation theory of line bundles (Lj);?:f and N, and interpret the summand R*, ((@?Zlﬂkﬂ) @
(L_p, ® NET) @J\/') of E as the deformation theory of sections % and 21, 2.

9We add the subscript r here to emphasis that the Gy p—action on AY; ; depends on r.
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4.2. C*-action and fixed loci. Consider the (left) C*-action on AY, x C? defined by
A(fv Zj’ 21, 22) = (f7 377 AZl, 22) :

This action descends to be an action on P@%’p . We will denote A to be the equivariant class
corresponding to the C*-action of weight 1. Let’s first state a criteria for a morphism to P@%’p
to be C*-equivariant (see also [CLLL16, §2.2]), which will be important in the analysis of
localization computations.

Remark 4.2. (Equivariant morphism to PP ) Fix a stack S over Spec(C) with a left C*-

action. Then a C*-equivariant morphism from S to P@%’p is equivalent to the following data:
there exists k + p + 1 C*-equivariant line bundles on S

Ly, Liyp, N
together with C*-invariant sections
(Z,7,2) == (&1, s Ty YUnt 1y - - - s Yntpy 21, 22)
€T (OF_1 Ly, ® (B_ Lit;) ® (g, ® N @ C) @ N)© .

Here, L,, (1 <i<n)and L_g, are constructed from (L;)1<j<r+p as explained before, and Cy
is the trivial line bundle over S with C*—linearization of weight 1. These sections should also
satisfy the vanishing condition imposed by the affine cone AY of Y as above.

Fix a degree § € Eff(W, G, 0) and a tuple of nonnegative integers (d1,-- -,
sider the tuple of multiplicities m = (v1,-+ ,vm) € (Gxw,)™, where v; =
denote QY m(P@%’ﬂ (8,17, g)) to be

) 1 (5
Ll Qfaenir @),
deEf(AY,G,0)
(i)« (d)=8

0m,) € N™. Con-
(gi, p), we will

where iy : ) — X is the inclusion morphism. Thus Qgﬁ(IP@%’p, (8,17, g)) inherits a C*-action
from the C*—action on PQ]%7P. ~
We can index the components of C*—fixed loci of Qg’m(ﬂ‘)‘{)%’p,(ﬁ, 17, g)) by decorated
graphs. A decorated graph I' consists of vertices, edges, and m legs, and we decorate it as
follows:
e Each vertex v is associated with an index j(v) € {0,000}, a degree 5(v) € Eff (W, G, 6)
and a subset J, C {1,---,p}.
e Each edge e = {h, h'} consists of a pair of half edges and it is equipped with a degree
B(e) € Ef(W, G, 0), a subset J. C {1,--- ,p} and d(e) € Z~¢. Each half edge h (or ')
is incident to a unique vertex.
e Each half-edge h and each leg [ has an element (called multiplicity) m(h) or m(l) in
Gxp,.
e The legs are labeled with the numbers {1,...,m}, and each leg is incident to a unique
vertex.

By the ’valence’ of a vertex v, denoted val(v), we mean the total number of incident half-edges
and legs. ~
For any C*—fixed stable quasimap f : (C,q1, ** ,Gm) — IP’ED%”’ over Cin Qg,m(]P’Qj%’p, (8,17, g)),
since the base points on C' are isolated and away from special points (i.e. nodes or markings),
the image of the generic point of each irreducible component of C' under f must lie in
(1) the C*—fixed components of PY =, which is Dy or Deg;
(2) or the generic point of an orbi-P! fiber of PY+ over Y.
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In the second case, the irreducible component is a genus-zero curve with possible base points on
it; we note that if the base point ¢ exists, we have that z2(g) # 0 by the nondegeneracy condition
4.4 and q is the unique base point on this component. Based on the above observations, we can
associate a decorated graph I' to f as follows, where the vertex is either stable or unstable.

Each edge e corresponds to a genus-zero irreducible component C, of C' such that it
maps constantly to the base Y with possible basepoints on C, and the generic point
of C'¢ maps to the generic point of a fiber of PY + over Y. Then the decorated degrees
d(e), B(e) and J, are determined by the conditions deg(N|c,) = @, deg(Ljlc,) =
B(e)(Lx;) (1 <j < k), and deg(Liyj]lc,) = 1 if and only if j € J. and 0 otherwise. We
denote 17¢ to be the degree coming from the line bundles (Li4; : 1 < j <p). There are
two distinguished points gy and g, on C¢ such that ¢ is the only point on C¢ at which
zo vanishes, and qq is the only point on C, determined by the following conditions:

— if C¢ has base points on it, then gq is the only base point on C;

— if C; does not have base points on it, then qq is the only point on C, at which z;

vanishes.

We will also call qo, goo the ramification points,'’ and all of degree (3(e),17¢) is con-
centrated at the ramification point gg. That is,

when z;|c, # 0, we have ordg, (z;) = B(e)(L,,), and ordg,(y;) =1if j € J. .

For each ramification point of C,, we associate a half edge.

Each stable vertex v for which j(v) = 0 corresponds to a maximal sub-curve C, of C
over which z; = 0, and each vertex v for which j(v) = oo corresponds to a maximal sub-
curve C, of C over which z5 = 0. The label 8(v) denotes the degree coming from the
restriction map [Z]|¢,. Note that here we count the degree (v) in Eff(W, G, ), but not
in Eff (AY, G, 0). The subset J, is equal to the set {j|deg(Lr+j|c,) =1, 1 < j < p}. We
denote 17v to be the ordered tuple (deg(Ly.; c,))i=1- The legs incident to v indicate
the marked points on C,.

Each unstable vertex v corresponds to a point on C\ (U, stabieCy) which appears as
a ramification point on some edge curve C,. In this case, the corresponding point ¢
may be a node at which C, meets another edge curve!! C,., a marked point of C,,
an unmarked point, or a base point on C,. Denote j(v) = 0 if v corresponds to the
ramification point go and j(v) = oo if v corresponds to the ramification point g,. Note
that the base point only appears as a vertex v labeled by 0 due to the nondegeneracy
condition for quasimaps. We always set the decorated degree 5(v) to be zero and J,, = ()
if v is unstable.

The index m(l) on a leg I indicates the rigidified inertia stack component I_m(l)IP’Y%

of PY+ on which the marked point corresponding to the leg [ is evaluated. This is
determined by the multiplicity of Ly,--- , Ly, N at the corresponding marked point.

Let h be a half-edge of an edge e with ¢ € C, be the corresponding ramification point.
If ¢ is not a base point, then m(h) indicates the rigidified inertia component I_m(h)]P’Y%

of PY* on which the ramification point ¢ associated with h is evaluated. If ¢ is a base
point, we take m(h) = (1,1) € Gx pu,.

In particular, we note that the decorations at each stable vertex v yield a tuple

i(v) € (G % p,)*)

10The definition of the ramification point here is different from the definition in [CJR17, Page 13], where
they claim that z; or z2 each vanish at exactly one point on Ce. We find that there is a missing case when go
is a base point and deg(L1|c,) = deg(L2|c,) = 0(e) in their setting, then z1|c, = 1, which does not vanish
anywhere on Ce. But the author finds this missing case does not affect their main result in [CJR17].

U1n this case, Cs and C¢ share the same ramification point g, so we only associate a vertex v only once.
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recording the multiplicities of L, --- , Ly, N at every special point of C,.'> We have the fol-
lowing remarks:

Remark 4.3. The crucial observation, now, is the following. For a stable vertex v such that

j(v) = 0, we have z1|c, = 0, so the stability condition (4.3) implies that lcg,(¢q) < 1 for
each ¢ € C,. That is, the restriction of (C;q1,...,¢m; L1, -+, Lytp; &, 9) to C, gives rise to a
ef,-stable quasimap to the quotient stack 9),, := [AY/G] x [C/C*]P (cf. Definition 2.3) in
€f €0
QQ,%(U) (2)177 (ﬂ(v)v lJv)) = |_| Qoy%(v) (inpa (da IJU)) .

dEEf(AY,G,0)
(i)« (d)=B(v)

In this case, let j € J,. The evaluation map considered in (4.5) coincides with ev; for

0| ,
Q((f?;(v)‘ ‘)JU‘(Q),B(U)) in Remark 2.8.'% However, for a stable vertex v such that j(v) = oo,
we have z9|c, = 0, so the stability condition (4.4) implies that ord,(Z) = ordy(y) = 0 for each
q € C,. Thus, the restriction of (C;q1,...,qm; L1, , Li; Z) to C,, gives rise to a usual twisted

stable map in

Ko,m) (v La/Y, B(v)) := | ] Koy (V La/Y,d) .

dEEfi(AY,G,0)
(i)« (d)=B(v)

Here {/Ly/Y is the root gerbe of Y by taking r-th root of Ly.

Remark 4.4. For each edge e, the restriction of (Z,%) to C. defines a constant map to YV
(possibly with an additional basepoint at the ramification point gg). So if there is no basepoint
on C,, the restriction of (Z,¥, Z) to C. defines a representable map

Ce — BGU X Pr,l

where y € Y comes from #, G, is the isotropy group of y € Y. Then we have m(qo) = (g7, 1)

and m(ge) = (g,uf«(e)) for some g € Gy. Note that when r is a sufficiently large prime
comparing to d(e), assuming that the order of g is equal to a, we have C, = IP}W,” and the
1

ramification point g., must be a special point. Here P is the unique Deligne-Mumford stack

ar,a
with coarse moduli P! with isotropy group u, at 0 € P!, isotropy group p,, at oo € P!, and
generic trivial stabilizer.

If qo is a basepoint of degree (3,17¢) (we write 3 = 3(e) for short), the ramification point g

can’t be an orbifold point, thus, m(qp) = (1,1) € Gx u,.. When r is a sufficiently large prime,
we have m(¢o) = (g,,u?«(e)) for some g € G. Let a be the order of g. By the representable
condition, we have C. = Pg,.1. Note that the restriction of (&, ) to C. defines an element in
the space F{ 17.)(Y) of the stacky loop space Qp,, , (Y, (5, 17¢)) (see §3, note that here we use
the GIT model [AY,/Gp] of Y.). Then the restriction of (Z,¥,2) to C. defines a quasimap f
which can be explicitly described as follows. Write Py, 1 as the quotient stack [U/C*] where
U :=C?\ {0} and C* acts on U with weights [ar, 1]. We define a map F from U to AY,xU to
be

(x,y) €U —
(2127 F), o e Eon)), (@) e, 2@~ PEO 1l o8 € AV, T .

12For each node, let h be the incident half-edge and v be the incident vertex, then the multiplicity at the
branch of the node on C, is m(h) ™.

13Here we use a canonical bijection between the set [|.J,|] := {1,--- ,|Ju|} and the index set J, using the
natural order of elements in J, C [p].
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Here, (x);c, is an element belonging to C? so that the j—th component is 1 if j ¢ J. and the
other component is x. Notice that F' is equivariant with respect to the group homomorphism

te (C: — (tﬂ”’ﬁ(l”q)’ . 7t‘”’r3(Lﬂk))’ (t‘“")je{]“taé(e)) c Gp X(C* .

Then F' descends to be the desired morphism f from Py, ; to ]P’Q)%’p . For F to exist, we must
have g = gg, and (x1,---,x,) must belong to the space Y;* defined in §3, thus defining a
unique point in the Fg 1s.)(Y) = [Y§°/G]. Conversely, when given a point in Fg1s.)(Y), we
can always construct a unique map in the above way up to 2—isomorphisms.

Remark 4.5. If there is a basepoint on the edge curve C,, then the degree (3(e), 17, 5(6)) on

T

C. must satisfy the relation d(e) > S(e)(Lg) + |Je|. Otherwise we have z1|c, = 0. Given the
fact that zo vanishes at ¢, this will violate the nondegeneracy condition for z; and z,.

4.3. Localization analysis. Fix g € Eff(W,G,6) and § € Z>o. We will consider the space
Qg’m(]P’Q)%’p, (8,17, g)) The reason why we assume that the third degree is g is that Qgﬁ(]P’Q)%’p, (8,17, g))

corresponds to Qgﬁ(PQJ, (8,6)), here PQ) is equal to PY+® for r = 1 and p = 0. In the re-
maining section, we will always assume that r is a sufficiently large prime.
By virtual localization formula of Graber—Pandharipande [GP99], we can write

] 1 6 vir
[Q&nﬁ(]}p@wp?(B? 1p’ ;))] )
in terms of contributions from each decorated graph I':

] ip p Oyyvir — LLF ﬂ
(49) [QO,%(PQJ 7(67 1 ’7"))] zp: AF * (eC* (Nf‘nr)) .

Here, for each graph I', we will associate a space Fr which parameterizqu(C*—ﬁxed quasimaps
of associated graph T' such that the induced morphism ¢r : Fp — Qgﬁ(ﬂ’@%’p, (8,17, g)) is
a finite étale map from Fr into the corresponding open and closed C*-fixed substack ip(FT);
[FT]V'" is obtained via the C*-fixed part of the restriction to the fixed loci of the obstruction
theory on ngm(]P’Q‘j%’p, (8,17, g)) and €’ (NEY is the equivariant Euler class of the C*-moving
part of this restriction. Besides, Ar is the automorphism factor for the graph I', which rep-
resents the degree of Fr into the corresponding open and closed C*-fixed substack ir(Fr) in
Qg,m(PQJ%’p, (8,17, %)) In our case, Ar will be the product of the size of the automorphism
group Aut(I') of the graph I' and degrees from each edge moduli M, over the corresponding
fixed loci.

We will do an explicit computation for the contributions of each graph I' as follows. As for
the contribution of a graph I" to (4.9), one can first apply the normalization exact sequence

020c— P 0c,o@ Oc. + @ O4,ps. =0

stable vertices edges nodes

to the relative obstruction theory (4.6) and (4.7), which decomposes the contribution from T
to (4.9) into contributions from vertex, edge, and node factors. This includes all but the auto-
morphisms and deformations within ./\/léwm The latter are distributed in the vertex, edge, and
node factors as deformations of the vertex components, deformations of the edge components,
and deformations of smoothing the nodes, respectively. As a result, for each decorated graph
T, we will associate each stable vertex v (resp. edge e) a moduli space M, (resp. M,) over

1Here in the virtual localization formula, Fr is not necessarily equal to the corresponding C*—fixed loci
' 1
in Qgﬁm(]P’Qj?’p, (8,17, g)) This brings freedom in the choice of Fr which can help make the localization
computation more concretely, see, for example, §4.3.2 for the very choice of M. in aiding the computation more
explicitly.
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which there is a family of C*—fixed stable quasimap to Pgﬁ’p with the decorated degree. Let
Fr be the fiber product

(4.10) T Moxio [T Me x50, [T Mo

v stable ecl v stable
J(v)=0 J(v)=o0

where the fiber product is taken by gluing the two branches at each nodes; see §4.4 for more
details. And we can associate a virtual cycle [M,]"'" (resp. [M.]'") to each stable vertex
moduli M, (resp. M,). Then we can write [F]'" to be the fiber product:

H M X,y I_IUMS]Vlr 1. 3/Te)Y H My

v stable ecE v stable
7(v)=0 j(v)=00

and we can write ¢ (N¥") as the product:

(Nv1r): H Nv1r . H c* Nv1r H 6 r\;:)rde ,

stable vertics edges nodes

where we describe e© (NYT), e (NY") and €© (NI, ) in the subsections §4.3.1, §4.3.2 (see
also §4.3.3) and §4.3.4 respectively.

4.3.1. Vertex contributions. First of all, the vertex moduli M, for the stable vertex v over oo
corresponds to the moduli stack Ko ) ({/Le/Y,B(v)), which parameterizes twisted stable
maps to the root gerbe {/Ly/Y over Y.
Let m: Coo = Ko,m(v)({/Lo/Y, B(v)) be the universal curve over Ko ) ({/Lo/Y, B(v)). In
1

this case, on Coo, we have L_gQN®"®@Cy = O¢_, as z1|c., = 1; hence, we have N = L QC_x.

Here, Ej is the line bundle over Co, that is the pullback of the universal root bundle over {/Ly/Y
along the universal map f : Coo — {/Ly/Y. The movable part of the perfect obstruction theory
comes from the deformation of 2, thus, the inverse of Euler class € (NY") of the virtual normal
bundle is equal to

¢ (—R*mLy) ®C_).

When r is a sufficiently large prime and the multiplicity m(l) corresponding to each leg I
incident to v is equal to (g;, uf') for some prefixed number f; € Z>(note this implies f; < )
and g; € G, following [JPPZ18] to the orbifold case, the above Euler class has a representation

(4.11) > ca(—R*m.L )( )\E@)l 1=d

d=0

1
Here the virtual bundle —R*m, L) has virtual rank |E(v)| — 1, where |E(v)| is the number
of edges incident to the vertex v. The fixed part of the perfect obstruction theory yields the

virtual cycle
KO m(v \/ L@/Y 6 VH

For the stable vertex v over 0, the vertex moduli Mq, corresponds to the moduli space
Qgeg(v)(@p,(ﬂ(v),l'h)). Let m : Co — an%(v)@jp,(ﬂ(v),l"”)) be the universal curve over

Qge%(v)(@p, (B(v),17+)). In this case, the fixed part of the obstruction theory of the vertex
moduli over 0 yields the virtual cycle

Q5% 0y Dy (B(w), 1))
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Note that M|c, = O¢, as 2a2|c, = 1, therefore, the virtual normal bundle comes from the
movable part of the infinitesimal deformations of the section z;, which is a section of the line
bundle £_g, over Cp, whose Euler class ¢© (Ny™) is equal to

(4.12) & ((R.ﬂ'*ﬁ_gp) ®C,) .

4.3.2. Edge contributions: basepoint case. When there is a base point on the edge curve, it has
degree (B(e), 17, @) with S(e) # 0 and 6(e) = B(e)(Lg) + |J| by Remark 4.5. We will write
B(e) as B only in this subsection for simplicity unless stated otherwise. Then the multiplicity

at g0 € C, is equal to (g,uﬁ(e)) € Gxp,, where g = gg is defined in §3. Let a (or a.)be

the minimal positive integer associated to § as in §3, which is also the order of gg. When
r is a sufficiently large prime, due to Remark 4.4, C, must be isomorphic to ]P’}m1 where the
ramification point gg for which z; = 0 is an ordinary point, and the ramification point g, for
which 2z = 0 must be a special point, which is isomorphic to Bu,,..

Recall that

F(Y) = [Y5°/G = [(Z5° N AY)/G]
in §3. We now define the edge moduli M, to be

Lo/ V3 /C

which is the root gerbe over the stack [Y*/G] by taking ad(e)th root of the line bundle L_g
on [Y3°/G].

The root gerbe *3(Q/L_4/ [ygs /G] admits a representation as a quotient stack:
[(Y5° xC) (G CL)],
where the (right) action is defined by

(f,’l}) : (g’w) = (f gvo(g)vwaé(e)) )

for all (g,w) € GxC}, and (#,v) € A(Y)9 xC*. Here T - g is given by the action as in the
definition of [AY/G]. For every character p of G, we can define a new character of G xC}, by
composing the projection map pry : GxC}, — G. By an abuse of notation, we will continue
to use the notation p to name the new character of G xC},. Then the new character p will

determine a line bundle L, := [(Y3*xC* x C,)/(GxC},)] on *Q/L_p/[Y;*/G].

By virtue of its universal property of the root gerbe «5/L_gq/ [Ygs /G], there is a line bundle

R called root bundle that is the ad(e)th root of line bundle L_g over the root gerbe. This root
line bundle R can also constructed by the Borel construction; that is, R is associated to the
character

pre. : GxCl = C, (g,w) € GxCl = we Tl .
We have the relation
L_g =R

Then the coordinate function (Z,v) € Y3 xC* descents to be a tautological section of vector

bundle @, Ly, & (L © R®*?)) on «3/L_4/[Y5*/C].
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We will construct a universal family of C*—fixed quasimaps to ]P’i}j%’p of degree (3, 17¢, 5(6))
over the edge moduli M., which takes the form

Co :=Pur 1 (RE* ® Opy,) —2> PY P
M. = Q[L_g/[Y5*/G] .

The universal curve C, over the edge moduli M, is constructed as a quotient stack:
Ce = [(Y5*xC*xU)/(GXC}, xCy)] ,
where the right action is defined by:

(&, 0,2,y) - (9w, 1) = (&~ g,0(g)ow™ @, w't* z,ty) |
for all (g,w,t) € GXC;,xCy and (Z,v, (2,y)) = ((x1, - ,2n),v, (z,y)) € Y5*xC* xU.
The universal map ev from C. to P@%’p can be presented as follows: define the morphism
ev: Y5 xC* xU — AY,xU ,
by:
(4.13)
(Z,v, (2,y)) € Y5*xC* xU

(12 Fo), g Eod) (@)jes v ORIl a8 € AV %D .

Here (x);jes, is an element belonging to CP so that the j—th component is 1 if j ¢ J. and all
the other components are x. Note that when 5(L,,) ¢ Z>¢ for some i, we must have z; = 0 as
Z € YS®, so ev is well defined. Then €v is equivariant with respect to the group homomorphism
from GxC;, xCj to G, x C* defined by:

(g,w,t) € GXC;, xC; —

(414) (g . (tarﬁ(L,,l)waB(L,rl), . ’tarﬂ(L,rk)wa,B(L,,k))7 (watar)jeJe,taé(e)) c Gp X(C* )

Here (w®t%")je s, is the element belonging to (C*)P so that the j—th component is 1 if j ¢ J.
and all the other components are w®t®". This gives the universal morphism f from C, to ]P’Q_j%’p
by descent.

There is a tautological line bundle Oc, (1) on C, associated to the character pre, of GXC}xCy
by the Borel construction. Here pre. is the projection map from G'xCj, xCf to C§.

We will define a (quasi'®-left) C*—action on C. such that the map ev constructed above
is C*—equivariant. Define a (left) C*—action on C. which is induced from the C*—action on
Yo xCrxU:

m:C* x Y xC*xU — Y5 xC* xU ,

t-(z,v,(z,y)) = (z,v, (x,t”;%@y)) .
Note that the morphism 7 is also C*-equivariant, where M, is equipped with the trivial C*-
action. By the universal property of the projectivized bundle C. over M., the line bundle
Oc, (1) is equipped with a tautological section
(z,y) € H*((Oc, (ar) ® T*R®*) & (Oc, (1) ® C_-1 ) ,

ard(e)

which is also a C*—invariant section.

15This means we allow C*—action on Ce with fractional weight. See a similar discussion in [CLLL16, §2.2].
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Now we can check that ev is a C*—equivariant morphism from C, to ]P@%’p with respect to
the C*—actions for C. and ]P’Qj%’p . According to Remark 4.2, ev is equivalent to the following
data:

(1) k4 p+ 1 C*-equivariant line bundles on C,:
Lj=m"Lr, ®Oc,(arB(Lz,)) ® mROE=) 1< <k,
Liyj=7"R®®Oc,(ar),j € Je, and Li1j :=C, j ¢ J.

and

N = Oc_(ad(e)) ®C=

where the line bundles L, R are the standard C*-equivariant line bundle on M. by
the Borel construction;
(2) a universal section

(&7, (G, o)) == ((12PEen) oo P o)) ()., (v a0 —BE0)=1el yad(e)y)
€ HO(Ce, (811 Ly,) @ (871 Lasj) © (Lo, N ©Cr) BN)©

where the line bundles £ g, and £,, are induced from line bundles £; as before.

(4.15)

Assume that j € J.. Analogous to the definition of €v; in (4.5), we can define a morphism
EVje: Me =2

by evaluating [Z] at the ramification point go. More explicitly, use the setting in §4.3.2, denote

ev :=pr,,oev:C. — 9, where pr, , : Pﬁ)%’p — 9) is the natural projection map. Let Dy be

the zero section of C. over M, given by x = 0. Then €v; . = ev|p,.
On the other hand, the restriction morphism €v;|g. to Fr (see (4.10)) coming from the whole

space Qg,m (ng%’p, (8,17, %)) factors through the projection p : Fr — M, from Fr to the factor
M. Then we have that
€Vje 0P = €vjlpr -
Let u be a polynomial on k (= rk(G)) variables. Write u(c1(Ly,)) for
u(cr(Lry), -+ 5 c1(Lry))
for simplicity. Thus when we want to apply virtual localization to compute €v}(u(c1(Lx,))),

we only need to compute (€v;..)*(u(c1(Lx,))). More explicitly, we have the following:

Proposition 4.6. Using the above notation, we have that

(@03 uler(Lr)) = u((eLr) + OB

Here u<01 (Lr,) + W) is short for

B(Lr,)(A = Do)

) e
5(e) v e1(Lyy,) +

ﬁ(Lnk)(A—Da)>
o(e)

“ <01 (Do) +

for simplicity and Dy = ¢1(Lg).
Proof. Note that we have
ev*(Ly) = 7 (L, © R*ED) © O, (arB(L))
. and R*(¢) = L_y. Then we have c1(€v] (L)) =
(L) + W. Then the claim follows. O

for any character 7 of G, Oc, (1)|p, = C_,
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From the description of M, with the associated family map ev, we see that M, allows a
finite étale map of degree'®L into the corresponding fixed loci in Qg’l(P@%’p, (B(e), 17, @))
where the marking corresponds to the ramification point go. Then the fixed part of the
restriction of the prefect obstruction theory of Qg,l(PQ_j%’p, (B(e), 17, 6(8 )) to M, yields the
virtual cycle [M,.]*"" of M., while the movable part yields the virtual normal bundle N
whose C*—equivariant class is eC (N,

Let w: M, — gﬁY be the composition
M, — I(gwim)[w% — 1Y,
where the first arrow is the evaluation map at the ramification point ¢., and the second ar-
row induced form the projection map from PY 7 to Y; in particular the second map is an
isomorphism when r is a sufficiently large prime. We also note that w can be obtained as the
composition of the following three maps:

Me = V3% /Gl = 1, Y — 1Y .

where the first map (denoted by ix, on Lemma 4.9) is obtained by forgetting root structure of
Me; the second map is taking inclusion [Y3°/G] — [AY**(0)% /G] = I,,Y and the third map
is the rigidified map.

We will show that the localization contribution from the edge moduli with basepoints yields
the following;:

Lemma 4.7. With the above notations, we have

( [Me]vir )_ 1 (ﬁﬂ[—}(Z))L:%
TREIN) T a6 TP e Dy 4 )

where 1g(z) is the coefficient of q® of 1(q,0,2) defined in the introduction 1.1.2 and i :
H*(I St Y) = H*(1,,Y) is the isomorphism induced by inverting the bang structure of 1,Y .

Moreover, letuy, -+ ,w bel polynomials depending on k first chern class c1(Lx, )+, c1(Lnxy)
and t = 22:1 tiu;. Denote Contag, (Hp 1 €V t) (H e, €U; )N % to be the edge

contribution of the cohomology class Hle evjt in the localzzatwn computation. By the discus-
sion in Proposition 4.6, we have that

[Jel
C ; H t 1 ( t\Je ]IB( ))|Z:*(S(D>e
ontpm, €vj L =57 — .
(e) Hszz)l B(Lo)—|Jel 6?{;)(_D0 + )\)

where t = 34 tiu, (c1(Lmy) + B(Lry)z, -+ s e1(Lay) + B(Ly )2).

The above lemma is based on the computation of the virtual cycle [M.]'" (see Lemma 4.9
) and the C*—equivariant Euler class ¢ (NY*) (see (4.16)), for which we now explain.

Based on the perfect obstruction theory (4.6) for quasimaps in Qg’l(IP’Qj%’p7 (B(e), 17, @))7
the restriction of the prefect obstruction theory to M, decomposes into three parts: (1) the de-
formation theory of source curve Ce; (2) the deformation theory of the lines bundles (£;)1<j<k+p

16This can be seen by comparing the order Qf the isotropy group of a C—point = of M, with the order of the
isotropy group of the corresponding point in ngl(ﬂl’@%’p, (B(e), 17e, 6(8 )). The former is equal to the product
of the number ad(e) and the order of the isotropy group of the correspondlng point in [Y$*/G], while the later
is equal to the product of the number d(e)(as it represents the order of the group of cyclic coverings of Py 1 of
degree d(e), see Remark 4.4), and the order of isotropy group of the corresponding point in [Y5*/G].
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and N; (3) the deformation theory for the section
(Z,7,(C1,¢2)) € T (Rf1 Ly, ® (1 Lirs) ® (Lop, DNFTRCr) DN .

The virtual normal bundle comes from the movable part of the three parts, and the fixed
part will contribute to the virtual cycle of M,. First every fiber curve C, in C. is isomorphic
to Pgy. 1, which is rational. Then the infinitesimal deformations/obstructions of C. and the line
bundles L; := L;|c,, N := N|¢, are zero. Hence their contribution to the perfect obstruction
theory solely comes from infinitesimal automorphisms. The infinitesimal automorphisms of C,
come from the space of vector field on C, that vanishes on special points. Thus the C*—fixed
part of the infinitesimal automorphisms of C, comes from the 1—dimensional subspace of vector
fields on C which vanish on the two ramification points, which, together with the infinitesimal
automorphisms of line bundle NV, will be canceled with the fixed part of infinitesimal deforma-
tion of sections (z1,22) := (¢1,¢2)|c,. The movable part of infinitesimal automorphisms of C,
is nonzero only if at least one of ramification points on C, is not a special point. By Remark
4.4, the ramification ¢, must be a special point since it has nontrivial stacky structure when
r is sufficiently large, and the ramification point gy is not a special point. Then the movable
part of infinitesimal automorphisms of C, contributes

to the virtual normal bundle.

Now let’s turn to the localization contribution from sections. As for the deformations of
29, we continue to use the tautological section (x,y) in (4.3.2). Sections of N are spanned by
monomials (z™y"™)|c, with arm +n = ad(e) and m,n € Zxo. Note that z™y" may not be a
global section of A/ but always a global section of the line bundle R®*™ @ N ® Ca{l) A- Then
R*m, N will decompose as a direct sum of line bundles. Each corresponds to the monomial
x™y", whose first chern class is

Cl(n@—am ®(C5_(:7))\) = %(Dg — )\) .

So the total contribution is equal to

|42

r

11 (52)(1)9 —)\)) .

m=0

The term corresponding to m = 0 in the above product is the C*—invariant part of R*m, N, it
will contribute to the virtual cycle of M.. The rest contributes to the virtual normal bundle

as
|22

)

I (00-2).

m=1

Note that when r is sufficiently large, the above product becomes 1.
For the deformation of z;, arguing in the same way as z, the Euler class of R*7.(L_g, ®
N®" ® C,) is equal to

5(e)=B(Lo)—|Je] m
—(=Dg+ )N | .

(yton %)

The factor for m = 0 appearing in the above product is the C*—fixed part of R*m.(L_p ®
N®T ® C,), it will contribute to the virtual cycle of M,. The rest contributes to the virtual

m=0
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normal bundle as
5(e)—B(Le)—|Je] m
—(=Dg+ M) | .
(sitpe+)
Finally, let’s turn to the localization contribution from the sections ¥ and . Before that,
using the same argument above, one can prove the following lemma:

m=1

Lemma 4.8. When n € Zxq, we have

Lar]
c* . — ﬂ — n
o (1. (Oc.0) = ] (57500 =2+ 552)
When n € Zi«qg, we have

* |

' (R*m.(Oc, (n))) =

e 7 (Oc, (n ,
;;LIKO 5oy (Do = ) + a5 A

Using the above lemma, we have the following description of € (R*m.L,,) for 1 <@ < n.
Then for each p;, we have the following:

(1> If ﬁ(Lpi) S Q;o, one has
¥ (R*.(L,,)) = € (R*ma(7(Ly,) ® Oc, (arB(Ly,)) @ 7 (RO (o))
=% (L, ® R®¥Le) @ RO7,(Oc, (arB(L,,))))

B(Lp,)]

_ BL(=Ds)  m . B(L,)

-1 (D BT 4 g P00+ )
[B(Lp;)]

-1 (Dpi +5(L§i(l)_m()\—D9)> .

Hence we have
eC*((R.W*ﬁpi)mov) — H (DPI + M(A _ -DO)) .
0<m<B(Lo,) o)

Note that the invariant part of R*m,L,, is nonzero only when 3(L,,) € Zxo.
(2) If B(L,,) € Q<o, one has
e (R.W*Lm‘) S (R.ﬂ'* (T"*Lm ® Oc, (arB(L,,)) ® W*R®aﬁ(L”i)))
1
= eC* (Lpz X R@aﬁ(lzpi) ® Rl,ﬂ.*((gce (arﬂ([/pz))))

1
- H BL,)(=Ds) |, m B(L,,)
(Lo )<m<0 Doi + =57 + 5157 (Do — A) + 557X

1
- H B(L,,)—m ’

B(L,,;)<m<0 D, + T(,\ — Dy)

which implies that
eC (R L,,)™) = €& (R*m L),

1
o B(Lyp;)— '
B(Lyp,)<m<0 Dy, + Wm()‘ — Dy)
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The movable part of the deformations of ¢ contributes
A—=D
c* mov 0
e (D RO (L)) = (W
to the virtual normal bundle and the fixed part of the deformations of 3 will be canceled with
the automorphisms of line bundles (Ly4; : 1 < j < p).

Recall that the complete intersection Y is cut off by the section s := @j_,s; of the direct
sum of the line bundles £ = ®;_;L;, on X associated to the characters 7,. There is also
an obstruction corresponding to the infinitesimal deformations of Z being moved away from
[AY*5(0)/G] C [W**(0)/G], which contributes to the virtual normal bundle as the movable
part of

)\Jel

e (R'm, ®b:(Lr, )<0 £7,))
e (ROTx @:p(L,,)>0 L)
(
(

€ ( — (G}bR'W*ETb)) =

_ Hb:ﬁ(LTb)<O HB(LTb)<m<0 €1, 5(e)

B(Lr,)— ’
[Lesz.,)z0 Hocmesr,,) (c1(Ln) + #)m()\ — Dy))

(Ln) + "5 (A = Do)
L

Here m are all integers.

Now we have the expression of virtual normal bundle from the movable part of curves, line
bundles and sections as follows:
(4.16)

5(e)
X — Dy

Hp-ﬁ( >0H0<i<B(L (

o (Né’ir) _ ((Lp) ))\5(39) A— Dy )IJE\

+(
- (
osee,)<0 gL, 1)<ico(Dp + (B(Lp) — i) 255 (?)9) 5(e)
B(L~ m _ _
Hb:B(LTb)<O HB(LTb)<m<0 (Cl(LTb) + ( 5(176)) (A — D9)) o) =AiLa) =1 el

- : (=D + A))
Hbiﬁ(Lrb)>0 H0<m<ﬁ(Lrb) (Cl(Lq-,,) —+ %()\ — Dg)) m=1 <6(6)

On the other hand, we can see that the fixed part of the perfect obstruction theory only
comes from the summand corresponding to the terms b with 5(L,) € Zx, for which there is
one-dimensional C*—fixed piece to each —R®m,L;,, which contributes to the virtual cycle of
M.

Now let’s move to the virtual cycle of M, coming from the C*—fixed part of the restriction
of perfect obstruction theory. Let Ej3 := @b:ﬁ(L,b)eZ%JLn, be the vector bundle over [ZES/G]
and sg := Bb:B(Lr, ) €205 be the section inside Eg. Using Lemma 3.2, we can define the Gysin
morphism

Sy 00 * A ([Z5°/G)) = AL([Y5°/G))
as the localized top Chern class [Ful84, §14.1]. This Gysin morphism commutes with the one
defined in 3.3 by the flat pullback A*([Y;S/(G/(g51>)]) — A*([Y§?/G]) on the target and the

flat pullback A*([ng/(G/@[;l))]) — A*([Z3°/G]) on the source.
Lemma 4.9. We have the following:

MY = i, (8,000 (125°/G)) -
Here i« A*([YS®/G]) — A*(M.) is the isomorphism induced by the natural étale morphism
im, : Me = [Y5°/G] by forgetting root structure.

Proof. By the previous discussion, the perfect obstruction theory of M. solely comes from
automorphisms of line bundles (£;)* j—1, the fixed part of deformations/obstructions of the
section Z. Note that the fixed part of the deformations of ¥ cancels with the automorphisms
of line bundles (Lg4; : 1 < j < p), so we don’t count. Using the distinguished triangle 4.8 and
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4.7 in §4.2, the C*—fixed part of the obstruction complex Ef* over M, is quasi-isomorphic to
the complex
dsg
Tizg /c)lm. — Ep

with the first term sitting in degree 0 and the second term sitting in degree 1, which also fits
into the following distinguished triangle (from cone construction)

fix dS/3
E HT[ZES/GHMe 4>E5 .

Here dsg is the differential induced the section sg (cf. 4.8) and T[ZES/G] |, is the pullback of
the tangent bundle T| 23°/G) along the composition of morphisms

Me = QL o/[Z5/G] — [Z5°/G]

where the first arrow is the inclusion and the second arrow is the natural étale morphism by
forgetting root.

When we replace Y by X, and repeat the same localization analysis as above, we see
the fixed part of the restriction of the obstruction theory to the edge moduli M.(X) :=

@@/ L_g/[Z5°/G] of X is equal to the tangent complex of M.(X), which is a locally free

sheaf sitting in degree zero as M.(X) is a smooth Deligne-Mumford stack. Then we can view
M. as the zero loci of the section sg of the vector bundle Eg over M. (X) by Lemma 3.2. One
has the following Cartesian diagram:

M, —= M (X)
M (X)—2—~E;,

where the bottom arrow is the zero section. Then we have a morphism of two distinguished
triangles in DY , (M,) where all terms in the first low are perfect complexes with amplitude in
[713 0]

v
dsg

TE/ZgS/G] |pm, —— (EF)Y Eéo[l}

| )

d
Q)M —=to1Lmte — Tt /im0 / Lia, o, 0y ) — Qa0 .-

TE/ZES/G] ‘ME [1]

Here the first and the second vertical maps are the dual perfect obstruction theory for M, (X)
and M, (both restricted to M.) respectively, while the third vertical map is an obstruction
theory for C*—fixed quasimaps in M, with the section & moving away from Y into X, and a
standard deformation theory argument (cf. [CL11, Proposition 2.5]) shows the third vertical
map % is induced from the pullback of the conormal sheafs for the horizontal arrows in the
above Cartesian square along the left arrow i. Then virtual cycle [M,.]*"" with respect to the
dual perfect obstruction theory (EfX)V — t5_ ;I , can be obtained by Manolache’s virtual
pullback [Man11, Construction 3.6], which is also identical to Gysin pullback 0' = SIEB,loc (by
the very of definition of localized top Chern class). Now the Lemma is immediate by flat
pullback along i, . (I
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4.3.3. Edge contributions: without basepoint case. The contribution from an edge without base-
point will not appear in the later analysis in §6. However we include the discussion for this
case here for completeness. The reader is encouraged to skip this part in the first reading. In
this case, J. is empty. Assume that the multiplicity at ¢, € C. is equal to (g,uﬁ(e)) eGxp,
and a. (or a for simplicity) is the order of g. When r is a sufficiently large prime, due to
Remark 4.4, C, must be isomorphic to IP’}ma where the ramification point gg for which z; = 0
is isomorphic to Bu,, and the ramification point ¢ for which z2 = 0 must be a special point
d(e)
)

r

and is isomorphic to Bu,,.. The restriction of degree (3, g) from C to C, is equal to (0,
which is equivalent to:

; d(e
deg(Ljlc,) =0 for1<j<k, deg(Nl|c,)= (T) .

Recall that the inertia stack component 1Y of I,Y is isomorphic to the quotient stack
[AY**(0)?/G] .
We construct the edge moduli M, as

M, = QL /1Y,

which is the root gerbe over the stack I,Y by taking the ad(e)th root of the line bundle L_g.
The root gerbe **¥/L_g/1,Y admits a representation as a quotient stack:

(4.17) [(AY*2(0)? xC*) /(GX Cy)]
where the (right) action is defined by:

(F,v) - (g9,w) = (T~ g, 0(g)ow™))

for all (g,w) € GxCZ, and (Z,v) € AY*5(0)9 x C*. Here & - g is given by the action as in the
definition of [AY/G], the torus C, is isomorphic to C* with variable w. For any character p of
G, define a new character of GxC}, by composing the projection map pry : GXC} — G. By an
abuse of notation, we will continue to use the notation p to mean the new character of GxC,.
Then p will determine a line bundle L, := [(AY*¥(0)9 xC*xC,)/(GxC))] on “*/L_g/1,Y
by the Borel construction.

By virtue of the universal property of root gerbe, on M, = *Y/L_g/I;Y, there is a
universal line bundle R that is the ad(e)th root of the line bundle L_g. The root bundle R is
associated to the character

pre- : GxC;, — Cr,  (g,w) € GXC — w e C,
by the Borel construction. We have the relation
L_y= Ra5(e) )
The coordinate functions # and v of AY**(6)9 x C* descent to be universal sections of line
bundles @[, L, and Ly @ R®a(€) gver M., respectively.

We will construct a universal family of C*—fixed quasimaps to ]P’EU%”’ of degree (0,1?, E(f))
over M.,:

Ce = Para(R ® Opp, ) —> P+

M, = “Q/T_ /LY.

Then the universal curve C, over M, can be represented as a quotient stack:

Ce = [(AY*?(0)I xC*xU) /(GxC;, xT)] ,
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where T' = {(t1,t2) € (C*)?| ¢ =t5"}. The (right) action is defined by:

(57 v, T, y) ' (97 w, (t17 t2)) = (q_f: 9, e(g)vwa6(8)a ’U}tll’, t2y) )
for all (g, w, (t1,t2)) € GXxC xT and (Z,v, (z,y)) € AY*3(§)9 xC*xU. Then C, is a family of
orbifold P, , parameterized by M..
There are two standard characters x; and xo of T*
Xlt(tl,tQ)ETHtle(c*, Xgi(tl,tQ)ETHtQEC*.

We can lift them to be new characters of G xC;, xT by composing the projection map pry :
GxC; xT' — T. By an abuse of notation, we continue to use x1, x2 to denote the new characters.
Then x1, x2 defines two line bundles

My := (AY*5(0)Y xC* xU) xaxcrxr Cy,
and

M2 = (AYSS(Q)Q x C* x U) XGXC;XT (CX2
on C, by the Borel construction, respectively. We have the relation M = M$*" on C,. The
universal map f from C, to ]P’Qﬁ“’ can be constructed as follows: let

[ AY*(0)9xC*xU — AY xU
be the morphism defined by:
(Z,v,2,y) € AY**(0)IxC* xU

4.18
s ((z1,- @), v 120 433y e AY xU

Then f is equivariant with respect to the group homomorphism from G x Ci xT to GxC*
defined by:

(g,w, (t1,t2)) € GXChyxT >

4.19
( ) (g- ((tl_ltg)pl’ . (tflt;“)”’“),tg‘s(e)) € GxC*,

where the tuple (pi,--- ,pr) € N satisfies that g = (u2*,--- , uP*) € G. Note that f is well
defined for x7'x5 is a torsion character of T of order a. The above construction gives the

universal morphism f from C, to IP’EQ%”’ by descent.
Now we define a (quasi left) C*—action on C. such that f is C*—equivariant. The C*-action
on C,. is induced by the C*—action on AY**(6)9 x C*x U:

m: C* x AY**(0)9xC*xU — AY**(0)xC*x U ,
t (&, (2,9) = (&0, (2, t750 y)) .

Note that then 7 is C*-equivariant map, where M. is equipped with the trivial C*-action. By
the universal property of the projectivized bundle C, over M., one has a tautological section

(z,y) € H(Ce, (My @ T R) & (M @ C__1_)) ,

ars(e)

which is also a C*—invariant section.
1
Now we can check that f is a C*—equivariant morphism from C, to PQ)+P with respect to
the C*—actions for C. and P@%’p. Using Remark 4.2, f is given by the following data:

(1) k+p+ 1 C*—equivariant line bundles C,:
Lj=m"La @ (MY @ My )7, 1< j <k,
Lrt;j=C,1<j<p

and
N=M"9C.,
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where (ij)1<jgk are the standard C*-equivariant line bundles on M, by the Borel
contribution, M, Ms are the standard C*-equivariant line bundles on C, by the Borel
construction;

(2) a universal section

(f? 377 (Ch C2)) ::((xh e 7$7l)’ 1p7 (v—lxaé(e)’ yaé(e)))
€ HO(Ce, By Ly, & (BY_; Lits) ® (Lo, DNE" @ Cy) BN)E

Using a similar analysis as in the previous subsection, we have the following;:

(4.20)

Lemma 4.10. With the above notations, [M.|""" = [M,] and the Euler class of virtual normal
bundle from the sections is equal to

é(e) m
(4.21) 11 (5(6)(—D9 + A)) :

when r is a sufficiently large prime. Besides the movable part of infinitesimal automorphisms
of C. contributes

d(e)
A — Dy

to the Euler class of virtual normal bundle when a = 1. Therefore ¢© (NY) is equal to

(4.22)

(4.23) 51(1) ( m >)
4.93 Dy N ),
m=1 5(6) ’

when a # 1 and is equal to

d(e)
(4.24) 0TI (5 0ee )

when a = 1.

4.3.4. Node contributions. The deformations in ng(Pg)%’p, (8,17, g)) smoothing a node con-
tribute to the Euler class of the virtual normal bundle as the first Chern class of the tensor
product of the two cotangent line bundles at the branches of the node. For nodes at which a
component C, meets a component C,, over the vertex 0, this contribution is

A—Dy ﬂ _

ad(e) a’

for nodes at which a component C, meets a component C,, over the vertex oo, this contribution
is

(4.25)

A+ D )

(4.26) —A+tDy W :
ard(e) ar

for nodes at which two edge components C, and C.s meet with a vertex v over 0, the node-
smoothing contribution is
A—Dy n A—Dy
ad(e) ad(e)
The nodes at which two edge components C, and Cs meet with a vertex v over co will not
occur using a similar argument in [JPPZ17, Lemma 6] when r is sufficiently large. To simplify
notation, we summarize the above situations by writing the contribution in either case as

_¢_1//7

(4.27)
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where ¢ and ¢’ indicate the (equivariant) cotangent line classes at the two branches of the
node.

As for the node contributions from the normalization exact sequence of relative obstruction
theory (4.6), each node ¢ (specified by a vertex v) contributes the inverse of Euler class of

(4.28) (RO (LY ® N7 C)|)™ & (ROm N )™

to the Euler class of the virtual normal bundle. Note that here we use the fact that the node
can’t be a base point, which implies that Lo |4 = Lol

In the case where j(v) = 0, 22|, = 1 gives a trivialization of N at ¢. Thus, the second factor
in (4.28) is trivial, while the inverse of the Euler class of the first factor equals

1
X— Dy

(4.29)

In the case where j(v) = 00, 21|, = 1 gives a trivialization of the fiber (£} @ N®" @ C,)|,.

1
Hence, we have M|, = £ |, ® C_x. This implies that R, (N];) = 0 because of the nontrivial
stacky structure when r is sufficiently large. Thus there is no localization contribution from
the normalization sequence at the node over oo.

4.4. Total localization contributions. Recall that for each decorated graph I', we denote
the moduli Fr to be the fiber product

II Moxpy [T Mex; gim 1T M.

v atable ecE v stable
Jj(v)= J(v)=o0

Note that Fr also fits into the following fiber diagram:

Fr I Myx [I Mex [I M,
v stable eckE v stable
J(v)=0 J(v)=o0
_ AP0 xAle _ _
o0 2 2
[1 LY x JI LD [T (1Y) x [I (1.Ds)
nodes nodes nodes nodes
over 0 over co over 0 over oo

where Ag = (id,t)(resp. As = (id,¢)) is the diagonal map of I,Y (resp. I,{/Le/Y) and
ng (resp. Neo) is the number of nodes over 0 (resp. co). The right-hand vertical map is the
product of the evaluation maps at the two branches of each gluing node. Then we can write
[Fr]v" as

(Ago « AZODO)!( H V1r « H v1r H [Mv]Vir) )

v stable eck v stable

3(v)=0 j(v)=

Let t be the notation as same as in Lemma 4.7. By the localization analysis on Page 24, we
can write the contribution from the decorated graph I' to the virtual localization as:

(4.30) Contr( H - Aeet’i )l(LF)* H@;@)m%

where []_, €v;(t) N % is equal to
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oo e ans)t | [ @@ GO VN 0 Thien, @00 - Koo YTl V. P

v stable eC* ((R’?T*,Cfep) © (C/\) y(sgable e(C" ((R.W*EO%) ® (Cfi)

j(v)=0 j(v)=o00
‘Jc|(z)|z_x_pg N [M ]V

H eg* E(]i;é/ir) H w ’l/)/ ’ H ()‘ - DG)

ecE nodes nodes over 0

where t is equal to

l
Ztiui(cl(Lm) + B(e)(Lay )2, - se1(Lany) + Ble) (L, )2)

[./\/l ]¥I* is defined in Lemma 4.9(base-point case) and Lemma 4.10(without base-point case), and
€7 (NY™) is the Euler class of virtual normal bundles from edge contributions as in (4.16)(base-
point case) and Lemma 4.10(without base-point case).
We also analyze a special class of localization graph I" which will be the only case we only
need to consider in §6.1 and give some hint on simplifying the localization computation.

Remark 4.11. (An important special case) Let’s assume that the graph I" has only one vertex
labeled by co(denoted by v, ) and all edges have base points. Note that this implies that there is
no node over 0 and there is no stable vertex over 0. Now when we want to apply the localization
formula to calculate GW invariants, as the computation is topological, we can pretend M, as
I, Y and push the edge contribution to I, Y using w as in Lemma 4.7. For instance, with

9s(e) 9p(e)
the help of Lemma 4.7,

p
Contp(/ ) '
[Q(sl,m(ﬂhgj%*p7(ﬁ,1p )) vlr E[

is equal to

oo
1o—A
HeEE Cd(—R.ﬂ*Eg')(7)71+|E|7d
|Aut(T)] [Ko,m(ox) (X Lo /Y BN 570 r
|JE
H €U (zél(e) 1\:’e Hﬂ(e)( )|Z7**De)
N _
/\ evy D e e ) (Lo)—|J. m

IO
a r5(e) aer m=

(4.31)

where ¢. is the marking associated to the stable vertex v, appearing as one branch of the
node incident to the edge e and a. is the integer associated to S(e) (or gg(e)) as in §3. Note

here we treat lIg)(z) as an element in H*( g,l ERION {/Lg/Y,Q)[z, 27 1] using the natural
Bley

isomorphism

Sy LQ/Y = I(g&le)
when r is a sufficient large prime. By canceling out the coefficients a. everywhere, (4.31) is
further simplified to

1 1=\
ca(—Rm. L) (—=)~HHIEI=d
[AWCD)] iy oy (3/TalV B0 zzj r

z- t|Je

e“Ze<5(e) i Lsge) (2 )|Z_A*D0)

N H A * Dy b o :
~ €Y, Yqe d(e)=B(e)(Lo)—|Je|l _m
ecE ( T T réle) T r ) Hm 1 ! W(_DQ + )‘)

75(9))PYT =] .Y

I
(95( )y Hr 95(e)

o0

(4.32)
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5. MASTER SPACE II

5.1. Construction of master space II. Let r, s be two different primes, let 6 be a character
of G as in the previous section, and let PY, ¢ be the root stack of the P!-bundle Py (L_g & C)
over Y by taking the s-th root of the zero section Py (0@ C) and r-th root of the infinity section
Py (L_g ®0). Then the zero section Dy C PY, ¢ is isomorphic to the root stack {/L_g/Y, and
the infinity section Do, C PY, , is isomorphic to the root stack {/Lg/Y.

We give a more concrete presentation of PY, ; as a quotient stack:

PY,., = [(C*x AY**(§)x U)/(GxC%xC})]

where the (right) G x C}, x Cf-action on C*x AY**(0) x U is given by:

(U, fa 21, 'ZQ) ! (g,O[,t) = (aiso(g)iltrua fg70(217t2’2) 5

for (g, a,t) € GXC:xCy,and (u, T, 21, 22) € C*x AY**(§)xU. Here U = C?\{0}. This quotient
stack presentation of PY, , comes from the root stack construction in [AGV0S, Appendix B]
after some simplification.

When the integers r and s are prime to the orders of isotropy groups of all points of X,
which happens, in particular, when r and s are a sufficiently large prime, the rigidified inertia
stack T, uPY, s of PY,. ¢ is isomorphic to the disjoint union

s—1 r—1
P(I,Y)rs U | | LY U | LY .
_— 0 j=1

1 N . DR - ,

Let (z, (g9,,t)) be a C—point of the rigidified inertia stack I,PY; s where x is a C—point of
PY, s and (g, o, t) € GxC% xC; represents an automorphism element in the isotropy group of
x in PY, ;. If the point (x, (g, o, t)) appears in the first factor of the decomposition above, then
the automorphism p = (g, a,t) lies in G x {1} x {1}, and the space P(I,Y), s can be further
decomposed as the disjoint union | |, P([;Y ), , where P(I,Y), s is defined as the quotient
stack

P(I,Y)r.s = [(C*x AY**(8)9 X U)/((G/{g)) x T x C})] |

with the action similar to PY, s as above, Note that this action is well defined as the character
6 is trivial on the subgroup (g) of G; if the point (z, (g, a, t)) occurs in the second factor of the
decomposition above, then the automorphism (g, o, t) lies in Gx{pul : 1 <i < s—1}x{1} C
G xC} xCy, and the point z is in the zero section Dy defined by z; = 0; finally if the point
(z,(g,,t)) belongs to the third factor of the decomposition above, then the automorphism
(g,a,t) lies in Gx{1}x{pd :1<i<r—1} C GXCLxC;, and z is in the infinity section Dy
defined by zo = 0. Here p, = exp(@) € C* and ps = exp(%‘/jl) € C*. In what follows,
we will always assume that r and s are sufficiently large primes unless otherwise mentioned.

Fix (g, a,t) € Gxpyxp,.. We will use the notation I, o )PY;. s to mean the rigidified inertia
stack component of I,PY, ; which has automorphism (g, a,t). Note that if o and ¢ are not
equal to 1 simultaneously, then the corresponding rigidified inertia stack component is empty.

Let Ko m (PY;s, (d, g)) be the moduli stack of m-pointed twisted stable maps to PY,. ; of

degree (d, g) More concretely,

1) o
]COJU(PYT,S? (d7 ;)) = {(Cv qi,--- 7Qm§L17' o aLkaNhNQ;uaz = ('1:17 v 7$n)721,22)},

where (C; q1,...,qm) is a m-pointed prestable balanced twisted curve of genus 0 with nontrivial
isotropy only at special points, (L; : 1 < j < k) and Ny, N; are orbifold line bundles on C' with

deg([7) = d € Hom(Pie(9), Q). deg(Ny) = °.
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and

(u, (f, Z)) = (u,xl,. .. 7.’L‘n,21,2:2) el <((N1\/)®S®L9®N2®T) (5] @LM ® Ny @Ng) .

i=1
Here, for 1 <4 < n, the line bundle L,, is equal to

k Mg
®j:1L7 9

L . k .
where (m;;j)1<i<n, 1<j<k 1S given by the relation p; = Ej:l m;;mj. The same construction

applies to the line bundle L_g on C'. Note that here, § is an integer when o ,, (PY; s, (d, g)) is
nonempty as Ny is the pullback of some line bundle on the coarse moduli curve C.
We require this data to satisfy the following conditions:
o Representability: For every ¢ € C with isotropy group G4, the homomorphism BG, —
B(G xC}, xCy) given by the restriction of line bundles (L; : 1 < j < k) and Ny, Ny on
q is representable.
e Nondegeneracy: The sections z; and 25 never simultaneously vanish, and we have

(5.1) ordy(Z) = 0.
for all ¢ € C. Furthermore, the section u never vanishes, so we have (NY)®*®QL_4®
N2®r =~ O¢.
o Stability: the map [u,Z, 2] : (C,q1, - ,q¢m) = PY, s satisfies the usual stability condi-

tion defined by a twisted stable map;
o Vanishing: The image of [Z] : C' — X lies in Q).
Let m = (vi, -+ ,vm) € (GXpyxp,)™. We will denote Ko 7 (PY; s, (d, g)) to be:

) _ _
Ko.m(PY; s, (d, =) Nevy (I, PY,. ) N -+~ Nev, (1, PY,.)
T

where 5
€ev; ]CO,TT’L(PYT,Sa (d, ;)) — THPY;«’S,
are natural evaluation maps as before, by evaluating the sections (u, Z, 2) at g;.

5.2. C*-action and fixed loci. Define a (left) C*-action on C*x AY**(0) x U given by
t-(u, @, (21, 22)) = (tu, @, (21, 22)) -

This action descends to be a (left) C*-action on PY,. ;, which induces a C*-action on Ko ;4 (PY;.s, (d, 2)).
The reason why we define this action is that this definition lifts the C*-action on PY defined in
§4.1 along the canonical de-root map m, 5 : PY; ; = PY. We will denote A to be the equivariant
parameter corresponding to the C*—action of weight 1. In what follows, r, s will always be
assumed to be sufficiently large primes. ~

We will describe the virtual localization for Ko ;7 (PY;.s, (3, 2)) similar to Qg)ﬁ(]?z)%*p, (8,17, 2)),
but the edge contribution is easier to analyze as there is no basepoint occurring for twisted stable
maps.

We index the components of C*—fixed loci of Koz (PY, s, (5, g)) by decorated graphs. A
decorated graph I' consists of vertices, edges, and m legs with the following decorations on it:

e Each vertex v is associated with an index j(v) € {0, 00} and a degree 8(v) € Eff (W, G, 6).

e Each edge e = {h, i/} is equipped with a degree d(e) € N. Here we call h and A’ half
edges and each half-edge is incident to a unique vertex.

e Each half-edge h and each leg [ has an element m(h) or m(l) in Gxpu, X ,.

e The legs are labeled with the numbers {1,...,m}, and each leg is incident to a unique
vertex.



A MIRROR THEOREM FOR GROMOV-WITTEN THEORY WITHOUT CONVEXITY 41

By the ’valence’ of a vertex v, denoted val(v), we mean the total number of incident half-edges
and legs.

For each C*—fixed stable map f : (C,q1, - ,qm) — PY, s in Ko 5 (PY; s, (B, g)), we can
associate a decorated graph I' where a vertex is either stable or unstable in the following way.

e Fach edge e corresponds to a genus-zero irreducible component C, which maps onto
a fiber of PY, ; over Y. Then we have deg(Lj|c,) = 0 for all 1 < j < k. Then

the decorated degree d(e) is given by the condition deg(N3) = &f) for some integer
0(e) € Zsp. There are two distinguished points ¢y and g., on C. satisfying that
22)q.. = 0 and 21|, = 0, respectively. We also call gg and ¢oo the ramification points’.
e Each vertex v for which j(v) = 0 (with unstable exceptional cases noted below) cor-
responds to a maximal sub-curve C,, of C' over which z; = 0. Then the restriction of

(Ci;q1y -y qm; L1, -+, Lg; @) to C,, defines a twisted stable map in

ICO,val(v)( \/S L*O/Yvﬁ(v)) = |_| ’CO,val(v)( \/S L*O/Ya d) :
deEff(AY,G,0)
(i)« (d)=B(v)
Each vertex v for which j(v) = oo (again with unstable exceptions) corresponds to a
maximal sub-curve for which zo = 0. Then the restriction of (C;q1, ..., ¢m; L1, -+ , Lg; T)
to C, defines a twisted stable map in

]CO,val(v)( T\/ LQ/Y76(U)) = |_| KO,val(v)( T\/ L@/Y’ d) :
deEf(AY,G,0)
(i)« (d)=B(v)
The label B(v) denotes the degree coming from the restriction [z]|¢, : C,, — X. Note
that here we count the degree 3(v) in Eff (W, G, 6), but not in Eff(AY, G, 6).

e Each unstable vertex corresponds to a point on C\(U, stableCy) which appears as a
ramification point on some edge curve C,. In this case, the corresponding point ¢ may
be a node at which C, meets another edge curve C¢/, a marked point of C¢, or an
unmarked point. We always set S(v) = 0 for unstable vertex.

e The index m(l) on a leg ! indicates the rigidified inertia stack component I_m(l)IP’YT)S
of PY, , on which the marked point corresponding to the leg I is evaluated. This
is determined by the multiplicity of Lq,---, Lg, N1, Ny at the corresponding marked
points.

e Let h be a half-edge of an edge e with ¢ € C, be the corresponding ramification point.
Then m(h) indicates the rigidified inertia component I_m(h)IP}/T7S of PY, s on which the
ramification point g associated with h is evaluated.

In particular, we note that the decorations at each stable vertex v yield a vector

m(v) € (G x pg x )"

recording the multiplicities of Ly, .-, Lg, N1, Na at every special point of C,,.

Remark 5.1. For each edge e, the restriction of ¥ to C, defines a constant map to Y. So the
restriction of (u,Z, Z) to C. defines a representable map

f:Ce =BG, x P,

where y € Y comes from Z and G, is the isotropy group of y € Y. Then we have m(qo) =

(g_l,ug(e), 1) and m(¢s) = (g, 1, ,uf-(e)) for some g € Gy. Denote a to be the order of element
g € G. Note that when r and s are sufficiently large primes comparing to §(e), we must have
C, =Pl and g and ¢. are special points as they are nontrivial stacky points. Here, P!

ar,as ar,as

is the unique Deligne-Mumford stack with coarse moduli P!, isotropy group p,, at 0 € P!,
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isotropy group p,, at oo € P!, and generic trivial stabilizer. We can write down the morphism
f more precisely. First C, can be represented as the quotient stack:

[U/Tar,as] ’

where U = C?\{0}, T, a5 is a subtorus of (C*)? defined by the equation t¢° = t3", and Ty as
acts on U in the standard way as (C*)? does. Then f can be constructed explicitly from descent
data (f,8): Let f be the morphism

fiU—SC xU Sz, y) = (1,2°00) 40y
which is equivariant with respect to the group homomorphism
Pl s §
B Tapas — Gy X Tpay (1, ta) — (7(t75t5), 4270 290y
where 7 is the morphism from the cyclic group p, to G, which sends the generator p, to g.

5.3. Localization analysis. Fix g € Eff(W,G,0),d € Z>o and m = (v1,--- ,vm) € (GX pyX
p,)™. We will consider the space Ko (PY;.s, (8, 2)). The reason why we assume that the sec-
ond degree is g is that ICo m (PY; 5, (8, g)) admits a natural morphism to Ky ,,, (PY, (5,0))(cf.[AJT15,
Tan21]). Here PY is equal to PY, ; for r = s = 1. In this section, we will always assume that r
and s are sufficiently large primes.

Parallel to the discussion in §4.3, now we can do the C*—localization computation for
Ko,m (PY; s, (B, g)) as follows. For each decorated graph I', we will associate each stable vertex
v (resp. edge e) a moduli space M, (resp. M.) over which there is a family C*—fixed stable
map to PY,. ; with the decorated degree. Denote by Fr the fiber product

(5.2) H M, X I.Do H M. XTI Deo H M.y,

v stable eck v stable
J(v)=0 j(v)=o0

where the fiber product is taken by gluing the two branches at each nodes. We can associate

a virtual cycle [M,]V'" (resp. [M.]'I") to each stable vertex moduli M, (resp. M,). Then
[Fr]¥* is the fiber product:

H V1r « H Vlr H v1r .
LY I.{/Le/Y
v stable ecE v stable

J(v)=0 j(v)=o0

and we can write the ¢ (N¥") as the product

eC*(N%;ir) — H Nvlr . H e Nv1r H 6 ;;i)rde ,

stable vertics edges nodes
where we describe e© (NY'¥), e© (NY") and ¢© (N, ) in the following subsections§5.3.1, §5.3.2

and §5.3.3 respectively. Finally the virtual localization formula of Graber—Pandharipande [GP99)
expresses

s
[’COJYL (Py;“,sv (ﬂv ;))]Vlr
in terms of contributions from each fixed-loci graph I

For each graph I', [Fr]V"' is obtained from the C*-fixed part of the restriction to the fixed
loci of the obstruction theory on Koz (PY;. s, (5, g)), and NY' as the equivariant Euler class of
the C*-moving part of this restriction. Besides, Ar is the automorphism factor for the graph
T", which represents the degree of Fr into the corresponding open and closed C*-fixed substack
in ICO,’I’ﬁ(]P)YT‘,Sa (B, g))
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5.3.1. Vertex contributions. The analysis of localization contribution for the stable vertex v is
similar to the analysis in §4.3.1.

For each stable vertex v over oo, the vertex moduli M,, corresponds to the moduli stack
Ko,m@) (3/Le/Y,B(v)), which parameterizes twisted stable maps to the root gerbe {/Lg/Y
over Y.

Let

7 : Coo = Ko,m(w) (/Lo /Y, B(v))
be the universal curve over Ko ) (3/Lo/Y, B(v)). Follow the same discussion in §4.3.1, the
inverse of the Fuler class of the virtual normal bundle for the vertex moduli M, over oo is
equal to
. 1
e (—R*mLy)®C_4).

When r is a sufficiently large prime and the multiplicity m(l) corresponding to each leg I
incident to v is equal to (g;, 1, ) for some prefixed f; € Zsq(note this implies f; < r) and

g1 € G, following a generalization of [JPPZ18] to the orbifold case. The above Euler class has
a representation

(54) ZCd(*R.’/T*‘CB%)(_T)\)‘E(U)lilid )

d>0

1
Here the virtual bundle —R*m, L has virtual rank |E(v)| — 1, where |E(v)]| is the number of
edges incident to the vertex v. The fixed part of the obstruction theory contributes to the
virtual cycle
[Ko,mi(w) (/Lo /Y, B(0))]™ -
For the stable vertex v over 0, the vertex moduli M, corresponds to the moduli space

Ko ) (/L-0/Y, B(v)),

Let
VI CO — /C0777L(U)(\3/ Lfg/Y, B(U))
be the universal curve over Ko ) (3/L-0/Y,B(v)), and f : Co — 3/L_4/Y be the universal

map. In this case, the fixed part of the perfect obstruction theory for the vertex moduli over 0
yields the virtual cycle

[K:O,ﬁi(v)( VL-9/Y, IB(U))]Vir :
Note that N3¢, = Oc, as z2|c, = 1, the virtual normal bundle comes from the movable part
1
of the infinitesimal deformations of z;, which is a section of the line bundle £*, over Cy, which

is the pullback of the universal s—th root line bundle on {/L_4/Y via the universal map f.
Then the inverse of the Euler class of the virtual normal bundle is equal to

(5.5) ¢ (~R*mL2,) ®Cy) .

We will simplify the above presentation when §(v) # 0. First, we will state a simple vanishing
lemma regarding a line bundle of negative degree on a genus zero twisted curve, of which the
proof is proceeded by induction on the number of irreducible components.

Lemma 5.2. Let L be a line bundle of negative degree on a genus zero twisted curve C. Assume
that the degree of the restriction of the line bundle L|c, to every irreducible component C; is
non-positive. Then we have HY(C,L) =0 .

Remark 5.3. For every fiber curve Cy of the universal curve Cy over M,,, the degree of the
1 1

restricted line bundle £ ,|¢, to Cp is non-positive. Indeed, L£*, is the pullback of the s-th

root of the line bundle L_y on {/L_y/Y, where L_4 is the pullback of an anti-ample line
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bundle from the coarse moduli of ¢/L_g/Y. Now assuming S(v) # 0, we have the degree of
1
the restricted line bundle L=,

¢, is negative by Lemma 2.5. By the above lemma, one has
o AL
R'm.L2p=0.
Then we have § L
~R*m.L°,=R'T.L*,,
1

which implies that RIW*EEH is a vector bundle. When s is sufficiently large, and the multiplicity
m(l) corresponding to each leg I incident to v is equal to (g;, uf*,1) for some prefixed number
fi € Z>o(note this implies f; < s) and ¢; € G, it has rank |E(v)| — 1 where |E(v)| is the
number of edges incident to the vertex v. Especially when |E(v)| = 1, it has rank 0, thus, the
Euler class becomes 1. This case will be important in the later simplification of the localization
contribution in §6.2.

5.3.2. Edge contributions. Assume that the multiplicity at ¢, € C. is equal to (g, 1, ui(e)) and
a (or a.) is the order of g € G. When r, s are sufficiently large primes, due to the Remark 5.1,
C must be isomorphic to ]P’}mas where the ramification point gy for which z; = 0 is isomorphic
to Bugs, and the ramification point ., for which zo = 0 is isomorphic to Bpu,,-. The restriction
of the degree (8, g) from C to C. is equal to (0, 5(Te) ), which is equivalent to:
5(e)
c.)=—"""
r

deg(Ljlc,) =0, for 1<j<k, deg(Ny

(e)) at ¢oo, due to the Remark 5.1,'7 the evaluation map
6(6) c* T ~ T
7)) — I(g,l,ui(e))P}/T’s = IQY

When we fix the multiplicity (g, 1, ,uf
G’quo : Icqol_lqoo (]P)Y:r‘,& (Oa

coming from the moduli K& := Ko 41, (PYrs, (0, @))C* of C*—fixed maps of degree (0, @)
with the decorations at two markings as above induces the identity on the their coarse moduli.
Moreover it’s finite étale of degree #(e). To compute the edge contribution, which is topological

in nature, it suffices to do a localization analysis over a finite étale cover of K€ . In general
K€ is hard to describe explicitly. In the following, we will construct a explicit space called M.
which is finite étale over K€ of degree é and carries a family of C*—fixed stable maps. This
will help us calculate the edge contribution.
Recall that the inertia stack component I,Y of I,,Y is isomorphic to
[AY**(0)?/G] .
We define the edge moduli M, to be

asa<m: as&e\)/L_e/[AYsS(e)g/G] ,

which is the asdé(e)th root gerbe over the inertia stack component I;Y of I,Y by taking the
asd(e)th root of the line bundle L_jg.
The root gerbe ***9/L_g/1,Y admits a representation as a quotient stack:

[AY**(8)? xC*/(GxC},)],
where the (right) action is defined by:
(.’f, 'U) . (g7w) — (fg7 g(g)—lvw—asé(e)) 7

for all (g,w) € GxC, and (Z,v) € AY*%(0)9 xC*. For every character p of G, we can define a
new character of GxC7, by composing the projection map pry, : GXC}, = G. We will still use

L7 This will imply the multiplicity at qo is (g_l,,ug(e), 1)
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p to name the new character of G xC}, by an abuse of notation. Then p will determines a line
bundle L, := [(AY**(0)9 xC*xC,)/(GxC})] on ***Y/L_y/I,Y by the Borel construction.

By virtue of the universal property of root gerbe, on M, = **Q/L_4/I,;Y, there is a
universal line bundle R that is the asd(e)th root of the line bundle L_gy. The root bundle R is
determined by the character pre.:

pre- : GXCl — C (g,w) € GXCy, —»weC, .
We have the relation
L_y= Rasﬁ(e) )

The coordinate functions Z and v of AY**(6)9 x C* descent to be universal sections of line
bundles ®,cinL, and L_y @ R~®as3(€) gver M., respectively.
We will construct a universal family of C*—fixed twisted stable maps to PY, s of degree

(0, @) over M.,:

Ce = Par,as(R S O./\/le) # PYT,S

Then the universal curve C, over **/L_y/I,Y can be represented as a quotient stack:
Co = [(AY**(0)IxC*xU)/(GxC: xT)] ,
where T'= {(t1,t2) € (C*)?| t$* = t4"}. The right action is defined by:

—asd(e)

(f,uw,y) ! (nga (t17t2)) = (fgve(g)_lvw ,wtl.’L‘,to) )

for all (g,w, (t1,t2)) € GXCixT and (Z, v, (z,y)) € AY*5(8)9 xC*xU. Then C, is a family of
orbifold curves parameterized by M, with all fibers isomorphic to Pgy qs.
There are two standard characters of T

Xlt(tl,tQ)ETi—)t1€C* Xgl(tl,tg)eTl—)tzec*,

and we can lift them to be characters of G xC}, xT by composing the projection map pry :
GxC; xT' — T. By an abuse of notation, we continue to use x1, x2 to denote the new characters.
These two new characters define two line bundles

My = (AY**(0) xC*xU) xgxczxr Cyy
and
My := (AY**(0)9 xC* xU) X GXCx XT Cy,

on C. by the Borel construction, respectively. We have the relation M{P* = M3**" over C,.
The universal map f from C, to PY, s can be described as follows: let

[ AY®(0)9 xC* xU — C*x AY**(0) xU
be the morphism defined by:
(Z,v,2,y) € AY**(0)IxC* xU

5.6
(5.6) (v, (1, ), xa‘s(e), ya‘s(e)) € C*x AY**(0)x U .

Then f is equivariant with respect to the group homomorphism from GxC: xT to GXxC: xC;
defined by:

(g,w, (t1,t2)) € GXCI XT —

5.7
o0 (9- ()P (0 )), (win) ¥, 1579) € GxClxCy
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where the tuple (p1,---,pr) € N¥ satisfies that g = (uB*,--- ,u2*) € G. Note that f is well
defined for x7°x% is a torsion character of T' of order a. The above construction gives the
universal morphism f from C, to PY, s by descent.

We will define a (quasi left) C*—action on C, such that the map f constructed above is
C*—equivariant. Define a C*-action on C. induced by the C*—action on AY**(6)9 xC*xU:

m:C* x AY**(0)9 xC*xU — AY**(0)9 xC*xU ,
t (&, (2,9) = (&0, (@, t750 y)) .

Note that the morphism 7 is also C*-equivariant, where M, is equipped with trivial C*-action.
By the universal property of the projectivized bundle C, over M., one has a tautological section

(5.8) (z,y) e H'(Mi@m*R) & (M2 ®C_—» ),

ard(e)

which is also a C*—invariant section.
Now we can check that f is a C*—equivariant morphism from C. to PY, ; with respect to
the C*—actions for C. and PY; ;. Similar to 4.2, f is equivalent to the following data:

(1) k+ 2 C*-equivariant line bundles on C,:
Lj:=7"Ly ® (]\Jf@)S ® M2®T)pj,1 <j<k
and
N, = (Ml ® ﬂ_*rR)@aé(e) Ny = M;&(e) QC-s .

Where L, are the standard C*-equivariant line bundles on M. by the Borel con-
struction, M;, My are the standard C*-equivariant line bundles on C, by the Borel
construction.

(2) a universal section

(u, Z, (C1,G)) i=(0, 1, -+, &, (2200 20(€)))

(5.9) ET((M)*@LHNS ®C) e P Ly eM B N)" .
1<ign
Here, one only need to check v € T((NY)®* ® L_p ® N3°" ® C,), which is easy to be
verified.

Now we compute the localization contribution from M,.. Based on the perfect obstruction
theory for stable maps in Ko 7 (PY; s, (8, g)), the restriction of the perfect obstruction theory
to M, decomposes into three parts: (1) the deformation theory of source curve Ce; (2) the
deformation theory of the lines bundles (£;)1<j<k and N; (3) the deformation theory for the
section

(0, %,(¢1,) ET(NT @ Lp NP ®CL) @ @ L, N1 ON,) .

1<ign

The C*—fixed part of three parts above will contribute to the virtual cycle of M,.. We will
show that [M]" = [M.].

The virtual normal bundle comes from the C*—moving part of the above three parts. First
every fiber curve C. in C. over a geometrical point in M, is isomorphic to Pg; s, Which is
rational. There are no infinitesimal deformations/obstructions for C¢, line bundles L; := £,|¢,,
N1 := Ni|e, and Ny := Ms|c,. Hence, their contribution to the perfect obstruction theory
comes from infinitesimal automorphisms. The infinitesimal automorphisms of C, come from
the space of vector fields on C, that vanish on special points. Thus the C*—fixed part of
infinitesimal automorphisms of C,, comes from the 1—dimensional subspace of vector fields on C,,
which vanish on the two ramification points. The movable part of infinitesimial automorphisms
of (¢ is nonzero only if one of ramification points on C, is not a special point. by Remark 5.1,
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the ramifications on C, are both nontrivial stacky points when r and s are sufficiently large.
Hence, they must be special points. So there is no movable part for infinitesimal automorphisms
of C..

Now let’s turn to the localizations from sections. First the infinitesimal deformations of
sections (u, ¥) are fixed, which, together with fixed part of infinitesimal automorphisms of C.
and line bundles L;, N, N, as well as fixed parts of infinitesimal deformations of sections
(21,22) := (¢1,C2)|c, , contribute to the virtual cycle [M,]"¥, which is equal to the fundamental
class of M.. The localization contribution from the infinitesimal deformations of sections
(21, 2z2) to the virtual normal bundle is:

(R'w* (Nl D NQ))mov .

We first analyze the deformations of z5. We continue to use the tautological section (z,y)
as in (5.8). For each fiber C,, sections of Ny are spanned by monomials (z**y")|c, with
arm +n = ad(e) and m,n € Zso. Note that 2*™y™ may not be a global section of Ny but
always a global section of R®*™ @ Ny @ Cﬁ »- Then R*7w, No will decompose as a direct sum

of line bundles. Each corresponds to the monomial x**™y™, whose first chern class is

®—asm =" (p, -
Cl(R ®C%)‘) = (5(6) (Dg )\) .

So the total contribution is equal to

|42

r

] (00-)

m=0

The factor for m = 0 appearing in the above product is the C*—fixed part of R*m, N>. It will
contribute to the virtual cycle of M. The rest contributes to the virtual normal bundle as

| 2]

S

nl'[ (57(”6)@9 —)\)) .

=1

Note that when r is sufficiently large, the above product becomes 1.
For the deformations of 21, arguing in the same way as z, the Euler class of R*w, N7 is equal
to
152

s

T (575000 ) -

n=0

The factor for n = 0 appearing in the above product is the C*—fixed part of R*m, N7, it will
contribute to the virtual cycle of M.. The Euler class of virtual normal bundle of M, comes
from the movable part of deformations of section zp is:

Ls(e)

(5.10) f[J ((52”‘6)(—09 + A)) .

n=1

Note that when s is sufficiently large, the above product becomes 1.
In summary, when 7, s are sufficiently large primes, we have [M]*"" = [M,] and et (NVir) =
1.

5.3.3. Node contributions. The deformations in Ko 7 (PY;. s, (5, g)) smoothing a node contribute
to the Euler class of the virtual normal bundle as the first Chern class of the tensor product of
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the two cotangent line bundles at the branches of the node. For nodes at which a component
C, meets a component C, over the vertex 0, this contribution is

A=Dyp
asé(e) as’

(5.11)

For nodes at which a component C. meets a component C, at the vertex over co, this
contribution is
—“A+Dyg ¢
(5.12) At Do Yo
ard(e) ar
The type of node at which two edge components C, and C. meet with a vertex v over 0 or
oo will not occur using a similar argument in [JPPZ17, Lemma 6]. To simplify notation, we
summarize the above situations by writing the contribution in either case as

7/(/) - ,l/)/ )
where ¢ and ¢’ indicate the (equivariant) cotangent line classes at the two branches of the
node.

As for the node contributions from the normalization exact sequence, each node ¢ (specified
by a vertex v) contributes the Euler class of

(5.13) (ROmN1g) ™ & (ROmNal) ™

to the virtual normal bundle. In the case where j(v) = 0, 22|, = 1 gives a trivialization of the
1

fiber Ns|,. Note that (VY)®*@L_g@N5"®Cy = C. We have Nb|, =2 C, and V1|, 2 L* ,®Cax,

and this implies that (ROm.N3|,)™° = 0 and RN |, = 0. The later vanishes because of the

nontrivial stacky structure of the line bundle N; at ¢ when s is sufficiently large. Hence there

is no localization contribution from the normalization at the node ¢ over 0. Similarly, for each

node ¢ incident to a vertex v with j(v) = oo, there is no localization contribution from the
normalization at the node over oo.

5.4. Total localization contributions. Recall that, for each decorated graph I', we denote
Fr to be the fiber product

H M, XL {/L_o]Y H Me Xfu /Le/Y H M, .
’U‘(Stslbl(f ecE ;}(sgable
j(v)= v)=00

Fr also fits into the following fiber diagram:

Fr [T Mux [ Mex ]I M,

v stable ecE v stable

J(v)=0 5()=0

\Lnn,odes €Unode

_ _ AGO XAl _ _
2 2
Il 1,Dox I 1D [T (1uDo)* x II ([uDsx)”,

nodes nodes nodes nodes
over 0 over oo over 0 over oo

where Ag = (id, ¢)(resp. Ao, = (id, 1)) is the diagonal map of I, Dy (resp. I, D) and ng (resp.
No) is the number of nodes over 0 (resp. oo). The right-hand vertical map is the product of
the evaluation maps of the two branches at each gluing node.

By the localization analysis on Page 41, the virtual cycle [Fr]'" is equal to:

(Ape x A=) (T M x JTM < T M)
v stable ecE v stable
j(v)=0 j(v)=c0
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and the contribution of decorated graph I' to the virtual localization is:

B HeeE S [Fp]vir
(514) ContF - |Aut(F)| (LF)* <€(C* (NFII‘)) )

where ‘[F(r]]vvvi,r) is equal to

(Af < AL 11 T
v stable € ((R.T( L ) (CA) v stable ((R.T"*E ) ®C A)
J(v)=0 ° jv)=o0 v
I
nodes —1/} o 1'[}/

Here tp : Fr — Ko m(PY,s, (B, g)) is a finite étale map of degree 1-‘?‘“7(1;31‘
ecE e

responding C*-fixed loci in Ko 7 (PY s, (8, g)) The virtual normal bundle e (NET) s the
product of virtual normal bundles from vertex contributions ((5.4), (5.5)), edge contributions
((5.10)) and node contributions ((5.11), (5.12)).

into the cor-

6. RECURSION RELATIONS FROM AUXILIARY CYCLES

Let’s first fix some notations in this section. For any 8 € Eff(W, G, 0), for simplicity, we will
denote

Ko,ﬁl(.aﬁ) = |_| ’CO,ﬁl(.7d)a
d€eEfi (o)
(ie)+(d)=p

where @ can be Y, \’"/Lg/Y or {/L_Q/Y, and 7, is the natural structure map from e to X which
factors through the inclusion g : 9 — X.
For any B, B1, -, B in Ef(W,G,0) and p1,--+ ,pp in Zzg, write 3 = B, + Y v, §; and
p=>_,;pi- We will denote 15 U * to be
(g5t plrForten) e (gt pdmEoltem) (gg, u7 PO 7P)) € (Gxpy)™ ",

and define 7, U * to be
((gﬁl s —B1(Lo)— Py L (gﬁmvﬂr Bm (Lo)— Pm) (g, M@(Le)-s-p)) c (GXNT)mH )

Then we have two natural structural morphisms

€: Kom,ux(V Lo /Y, Bi) = Komux(Y, By)

and

I'ICOTH Uk \S/ G/Y ﬁ* %KOMU*(Y 5*)
induced from the morphisms from {/Ly/Y and {/L_y/Y to Y by forgetting roots. Here the
tuple 771 U x for Ko mu, (Y, 8) is
(95,95 ,98) € G™HH.
We note that the right-hand side of 1.4 can be written as

> 1 _ _ _
Z Z ﬁ(ba <,UB1 ,D1 (_¢1)7 B, pm (_wm)7 ¢awi>0,7ﬁU*,ﬂ*

m=0B,+B1++Bm=p
pit-+Pm=p

as g, p; (2) € H*(I 71YQ) for 1 <i < m.

We will also need the two followmg definitions.
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Definition 6.1. Let m,p be two nonnegative integers, and let B be a degree in Eff(W,G.0).
We denote Agp, m to the set of tuples

(ﬁ*a ((Blapl)a T 7(5mapm))) S EH(W G 9) X (Eﬁ(W G 9) X Z>0)m )
where we require that By +> vy Bi = B, >_;pi = p and B;(Lg) +p; > 0 for 1 <i<m. We call
an element of Ag pm stable if B, # 0 or m = 2 when B, = 0.

Remark 6.2. We note that Ag , ,,, is a finite set as Qf ,,, (X, B) is finite type over C, and hence
Noetherian.

Definition 6.3. For any degree 5 and nonnegative integers ¢ and p, we define the function

Gpope: @ H*(L,Y)[z, 2 "] = H*(I, 1Y, Q) ,
B'€Ef(W,G,0),p'€Zx0
B'(Lo)+p' <B(Lg)+p

which sends the tuple
(firp)(2) - B'(Le) + 9" < B(Lg) +p)

to

= 1, = ° % A —14+m—d d

Z Z %(ev*)* Ze* (ca(—R*m.Lg )(;) (=1)

m=0T€Ag pm d=0
(61) I" is stable )

o e (G (faop (D)), Zasme)
m [’CO,T?LTU*( T\/ LG/Ya ﬁ*)}vn) ﬁ H )\—EU?(DS w‘ . m 1/%?)]
i=1 T(;l' + J A1

Here §; = B;(Lg) + p; for 1 < i < m, r is a sufficient large prime. We will write (f(ﬁfyp/)(z) :

B'(Lg) +p' < B(Lg) +p) as f<(g,p)( z) for short.

6.1. Auxiliary cycle I. We will use the notations from §4 in this subsection. Fix a nonzero

pair (8,p) € Eff(W, G, 0) xZ>, and a positive rational number € and the tuple € = (¢, -+ ,€) €
(Qs0)? such that eB(Lg) —|—pe 1. Set § = B(Lg) + p. For simplicity, we will denote
1 1 d —
Q(e),*(PQ.)Np?(ﬁv 1p7;>) = |_| Qg,l(Pﬁ.)wpv(d’ 1pa;))mevl 1( (98, MT)PY )

dEEf(AY,G,0)
(ig)+(d)=8

where gg € G is defined in §3. We will always assume that r is a sufficiently large prime in this
subsection.
For any nonnegative integer ¢, we will first consider the following auxiliary cycle:

(6.2) . <Em me N(Q5.(PY+7, (8,17, fm““

Here, an explanation of the notations is in order:
(1) The morphism EV, is a composition of the following maps:

Q4 (PY P, (8,17, 8)) > [Py s LY
where pr,. : I_MIP’Y? — I_MY is the morphism induced from the map from PY* to Y
forgetting 21, z9. (EV, ), is defined by
L (r (EVi))

as in (2.2). Note that here r, is the order of the band from the gerbe structure of ,,Y
but not IL]P’Y%
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(2) Recall that the morphism ev; is defined in (4.5) with target 2). The input t e
H*(D,Q)[t1,--- ,t;] is of the form

l
Ztiui(cl(Lﬂ'l)v T 7Cl(L7Tk)) )
i=1

where ty,--- ,t; are formal variables, and wuy, -+ ,u; € Q[z1,--- , ;] are | polynomials.
Here, line bundles L, are associated to the standard characters 7; of G = (C*)* defined
in 2.6. We will also write

Ui(01(L7r1)7 e 7cl(Lﬂ'k))
as ui(c1(Lx,)) for short.

Apply virtual localization to Qg *(IP’QJ%J‘ , (B, 1P, g)) We first prove the following vanishing
result, where the idea is borrowed from [JPT].

Lemma 6.4. Assume r is a sufficiently large prime. If localization graph T' has more than
one vertex labeled by oo, then the corresponding fized loci moduli Fr is empty; therefore, it will
contribute zero to (6.2).

Proof. First we show that for any quasimap f : C — IF’Q)%J’ in Qg,*(IP’Q_)%vp, (8,17, g)), we
have H!(C,NV) = 0 (recall that the line bundle N is introduced in the definition of f—stable
quasimap in §4.1 ). Indeed, using orbifold Riemann-Roch, we have

X(NY) =1+ deg(N") —age(N"|,,) =0,

as deg(NV) = *Mv and age(NV|,) = 1 — M, then showing H'(C,NV) = 0 is
equivalent to show H(C,NV) = 0. By Lemma 5.2, it remains to show that the degree of
the restriction of the line bundle NV to every irreducible component E of C is non-positive.
Observe that NV is equal to the line bundle f*O(—Dy,), so the degree is equal to the intersection
number of [E] and the divisor —[Dso]. If the image of an irreducible component of C via f isn’t

contained in D, the restricted degree is obviously non-positive. If the image of an irreducible

1
component of C' under f is contained in Ds,, observe that O(—Ds) is isomorphic to (Lj )Y

over
Do = {/Ly/Y

then the O(—rDy) is a line bundle pullback of an anti-ample line bundle over Y; thus, the
degree is also non-positive. This finishes the proof that H'(C, NV) = 0.

Now assume by contradiction that the moduli of fixed-loci FT is nonempty; by the connect-
edness of the graph I', there is at least one vertex of the graph I' labeled by 0 with at least
two edges attached. Suppose f: C — P@%m belongs to the C*—fixed loci Fr. Assume that
Co U Cy Uy is part of curve C, where Cy is mapped by f to Dy (given by z; = 0) and Cy,Cy
are edges meeting with Cy at b; and bs. Then in the normalization sequence for R*m, NV, it
contains the part

HY(Cy,NY)® H° (C1,NV) @ H° (Cy,NV)
—H° (by,NY) ® H° (b, N)
SHY(C,NY).
Hence, there is one of the weight-0 pieces in HY (b1, NV) @ H? (b, NV) that is canceled with a

weight-0 piece of H? (Cy, NV), and the other is mapped injectively into H* (C, NV), but this
contradicts that H'(C, NV) = 0. So Fr is empty. O
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Recall that we can write I(q,t,2) = > 5, q°ls, as in §1.1.2, where Ig,, = pf—zpﬂ@(z) is
a Laurent polynomial in z, 27! with coefficients in the homogeneous degree p (in variables
t1,--- ;) part of H*(I,Y,Q)[t1,--- ,t]. We will prove the following recursion relation by
applying localization to (6.2).

Theorem 6.5. For any nonnegative integer ¢, [2lg ,].—c-1 satisfies the following relation:

(6.3) [21g,p)s-c-1 = Gppe(2lcap(2) -

where Ggp . 1s defined in 6.3.

Proof. By Lemma 6.4, only decorated graph I' which has only one vertex labeled by oo may
have nonzero localization contribution to the (6.2). We will denote the vertex labeled by oo
to be v,. Note that the marking g, can only be incident to the vertex v, due to the choice
of the multiplicity at g.. Furthermore, for such graph I', we claim there is no stable vertex
labeled by 0. Indeed, for any vertex v over 0, its decorated degree (3(v),17+) satisfies that
B(v)(Lg) + |Jo] < B(Lg) +p < I, and it has valence 1 as no legs can attach to it and at
most one edge is incident to it by Lemma 6.4. Then the vertex v must be unstable. So the
decorated graph I' has only one vertex over oo with possible several edges (can be empty)
attached, and each vertex labeled by 0 corresponds to an edge in the graph I' and appears as
an unmarked point (actually a base point as we will see). In the following, we analyze the
localization contribution to (6.2) from the graph T' described just before. We have two cases
which depend on whether the vertex v, on the graph I' is stable or unstable.

(1) If the only vertex v, over oo is unstable, then it’s a vertex with valence 2 (i.e, it’s
incident to a leg and an edge). In this case the degree (8,17, 2) is concentrated on the
ramification point over 0 on the edge as a base point. Then it contributes

’r

1 A— Dy ¢
5(Zlsp(2))_amp - (—5—)
0 (6.2)(cf. Lemma 4.7). Here we use the fact that the restriction of ¥, to M, is equal
to A=De
5

(2) If the vertex v, is stable, then v, is incident to only one leg and possible several edges
(can be none). We assume that the vertex v, has degree (8., 57) with §, = B«(Lg). If
there are no edges in the graph I', which happens if and only if g8, = 8 and p = 0, the
corresponding graph has contribution

60 @ el R L) A K (Y TV 801 0 ).
d=0

to the (6.2). Otherwise we label all the edges attached to the vertex v, from 1 to
m such that the edge e; corresponding to the index i has degree (3;,17<i, %) Note
that the index is not unique. We will divided by m! to offset the labeling. Since we
assume that the total degree is (8, 17, g) = (B, 1P, W), and the degree on every
edge satisfies the relation é; > B;(Lg) + p; by Remark 4.5, where p; = |J,|, then we
must have §; = B;(Lg) + p; for every edge e;. It follows that all the edge has a base
point and (5;,p;) is nonzero.

Equipped with these notations, by Remark 4.4, the vertex moduli M,,, over oo is

Ko,m.ux(/Lo/Y, Bx). Using the localization analysis in §4.3 (cf. Remark 4.11), the
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localization contribution of the graph T" to (6.2) is equal to

1 —~ = ° 10 —A —14+m—d r/ vir
Aut(F) (BU*)*<§€* (Cd(—R 7T*£9 )(7) + N [}Co’mru*( L@/Y,,@*)} )
6.5 P
(0 n e (G500 A _an))
m1_[ _ A—eviDg @ . m’L/)*)
r8; r
where t = 3 tjui(ci(Lx,) + B(Lx,)z) and € : Kom,ux(/Lo/Y, i) = Komux(Y, Bi) is
the natural structure map.
Now varying over all By, 81, -, B8m and p1,--- ,pm and m, and labeling of edges.
The sum of (6.5) coming from all possible decorated graphs which has stable co—vertex
v, yields:
(6.6)

o0 1 _)\
—(em) *(Ze* —R*m Ly)(—=)~tHm—d

T
Bs+B1+-+Bm=0 d=0
pit:+Pm=p

(Bi,pi)#0for 1<i<m

n et ()] an)
N [Kom,ux(V/Lo/Y, B)] Vlr n H A—eviDo oy Z mwi)

rd; T
In summary, the auxiliary cycle (6.2) is equal to:

1 )\—Dg c
5CLep(2)),_azpe - (—5—)

> 1, (e 1A
D DEEED DN TCAN O SN CIE WA TCO R
(6.7) m=0 B+Bi+-+Bm=B d=0

p1+-+Pm=p
(Bi,pi)#0 for 1<i<m

o moevf (5 (2l p ()] _ampy )
n [ICO,ﬁzTU*( T" LQ/Y’B*)]VH) N H A—evy Dy i - " wc)
i=1 Y TR r

705 ~r
Observe that (6.2) does not have negative A powers. Then the A~! coefficient in the equation
(6.7) is equal to zero. Note that the A™! coefficient in (6.7) is equal to
(6.8) [21g.p(2)]z=c-1 = Gppe(2l<(ap)(2)) -

Now (6.8) immediately implies the formula (6.3).
O

6.2. Auxiliary cycle II. We will use the notations from §5 in this subsection. Let pu(z) =
26 ¢’ s p(2) as in (1.3). For any nonzero pair (8, p), denote § = 3(Lg) + p. Assume that 7, s
are sufficiently large primes, we will also compare (6.2) to the following auxiliary cycle:

(6.9)

Z Z mi (H vy (pri (1, . (—15))) NN [Komus (PYrs, (B i))]vir)

m=0 B, +B1++Bm=p
p1+ - +pm=p

Here an explanation of the notations is in order:
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(1) For any nonnegative integers py, - - - , pm, and degrees SB,, 81, - , Bm in Ef(W, G, 0), we
denote the tuple of multiplicities 172 U x to be

((9511’/151(L9)+m’ 1),---, (g/;i’ufm(Le)-i-pm’ 1), (95,1, Ni))
to define Ko mux(PY; s, (B, g))
(2) The morphism EV, is a composition of the following maps:
KO,mU*(PS/T,& (5*7 g)) & fuPYr,s m#) jHY 5
where pr,.  : I uPYr s — I 1Y is the morphism induced from the natural structure map
from PY, s to Y forgetting u and 21, 22, and (EV,). is defined by
L (T (EV3))

as in 2.2. Note that here r, is the order of the band from the gerbe structure of LY
but not I,PY; .

First we have a similar vanishing result as Lemma 6.4 by an analogous argument.

Lemma 6.6. Assume r is sufficiently large. If the localization graph T' has more than one

vertex labeled by oo, then the corresponding fized loci moduli Fr is empty; therefore, it will
contribute zero to (6.9).

For any pair (8, p) € Eff(W, G,0) x Zx¢, we define Jg ,(z) in (6.11) to be:

Jpp(2) = ppp(2) + Z Z %

m=0 B, +B1+ -+ Bm=P
(610) pit+Pm=p

(é'[]:c)* ([K:O,ﬁiU*(K B*)]Vir N ﬂ ev;(ﬂ'ﬂjmj(_q;j)) N ! n ) .

z — Wy

j=1
We will prove the following recursion relation by applying localization to (6.9).

Theorem 6.7. For any nonnegative integer ¢, we have the following relation:

(6.11) [s.plemcmr = G pe(J<(pm(2)) -
where G p  is defined in 0.5.

Proof. By Lemma 6.6, only decorated graph I' that has only one vertex labeled by co may have
nonzero localization contribution to the (6.9). Let’s denote the unique vertex over co by v,
with decorated degree (3,. Note that the leg x must be incident to the vertex v, due to the
choice of multiplicity at the leg x. Thus the vertex v, can’t be a node linking two edges. Note
that we can assume that all the other legs should be incident with the vertexes labeled by 0
due to the choice of multiplicity on the other legs and the fact g = 0. Then there are only two
types of graph I' depending on whether v, is stable or unstable.

(1) If the vertex v, in I' is unstable. In this case, v is of valence 2, i.e. it’s incident to
an edge and an leg corresponding to the marking ¢g,. Then I' has only one edge with
decorated degree ¢, and has only one vertex over 0, which is incident to the edge. The
vertex over 0 can be stable or unstable. If the vertex over 0 is unstable, it must be a
marked point with input pg,. Then the graph I' contributes

18,0 ( A_gDe ) A= Dy

5 ()




(6.12)

(6.13)

(6.14)
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to (6.9). Otherwise, this type of graphs contributes

oo 1 00 . ) A -
SIS DENETC AN O A T WA
m=0 o +f1+-+Pm=8 d=0
p1t+-+pm=p
) m B l()\—e’UIDg)C
O Ko on /T B 0 Y e s () O )

i=1 s s

to (6.9). By Lemma 6.8 proved below, the above formula is equal to

00 1 B B %(A—(SDg )C¢a
Z Z ﬁ a</’l/ﬂ17p1 (_,(/Jl)’ e 7/’('ﬁ7n<pm.(_wm)7 T>O’mu*’ﬁ* .
m=0 8,4t Bm=B 5 U
Pt +Pm=p

In summary, the localization contribution from the decorated graphs of which the

vertex v, is unstable contributes
A — Dy A — Dy

o S—0) - (A

+ Z Z ! a<1u’51,171(_12)1)3"' 7Mﬁmﬁpm(_d—}m)a

=0 Bttt Bmp
pi+-+Pm=p
to the (6.9).
If the vertex v, in T' is stable, v, is incident to only one leg (corresponding to the
marking ¢,) and m edges (m can be 0). Let’s assume that the vertex v, is decorated
by the degree ;. If there are no edges in the graph I', which happens if and only if
Bx = B and p = 0. Then this has contribution:

5(2574)a

—D - >0,7?LU*,ﬁ*
TG _ 1/}*

e 1 — . —
(em*(z eueal =R m (L)) Ko (Vo] V. A1) 1 wf)

d=0
o0 (6.9). Otherwise, there are m (m > 1) edges attached to the vertex v. Let’s index
them by [m] := {1,--- ,m}. Let d; be the degree associated with the ith edge e;. On
each edge e; there is exactly one vertex v; over 0 incident to it, which can’t be a unstable
vertex of valence 1 (see Remark 5.1) or a node linking two edges by Lemma 6.6. So v;
corresponds to either a marking or a stable vertex. There are possible [ marked points
(I can be zero) on it. Let’s label the legs incident to v; by {i1,--- ,il} C [n] (n is the
total number of legs on I'). Note that when v; is unstable, | = 1.

Assume that the vertex v; is decorated by the degree B;9. Since the insertion at the
marking ¢;; on the curve'® C,, corresponding to v; is of the form pg,; ,,, (—;;) in (6.9),
let’s say the leg for ¢;; has virtual degree (B;;,pi;) contribution to the vertex v;, denote
B; to be summation of ;o and the degrees 3;; from the markings on C,,, and p; to be
the summation of p;; from the markings on ¢,,. We call (3;, p;) the total degree at the
vertex v;. From the (6.9), one has

B*"‘Bl'f'"""ﬂm:ﬁv Pt +Pm=p.

Note that to ensure such a graph I' exists, one must have

Bi(Le) +pi =i .

I8When v is unstable, we just take v to be g;1.
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Indeed, by Riemann-Roch Theorem, one has

io (L i l (L) + pij
deg(N1|Cq,i):_w:(1—g)+Zw mod 7 .

j=1
Here the first term on the right-hand is the age of N; at the node of C,,,, and the second

term on the right is the sum of the ages of N; at the marked points on C,,. As s is
sufficiently large, one must have

ﬁ 510 Z ﬁzy ) + i

S

which implies that 8;(Lg) + p; = d;.

:u’ﬁll, »P11

o)
o
HB11,p11
o q*

FIGURE 1. The ellipse dubbed gray on the right means the vertex labeled by
oo with a leg attached, and the two big circles on the left mean vertexes labeled
by 0. The text inside the vertex means the decorated degree for this vertex.
On the upper left vertex, texts near the legs mean the insertion terms. On
the bottom left vertex, we assume that there are no legs attached to it. The
three grey dots in the middle mean the other edges (together with its incident
vertexes and legs on them) besides edges indexed by 1 and m.

Now we can group the decorated graphs by elements of Ag, . For each element
(m, B ((B1,01), -+, (ﬁm,pm))) in Ag,p,m. denoted by A(m,ﬁ*,((ﬁl,pl),'-- (B pm))) the
collection of all the edge-labeled decorated graphs such that the vertex incident to
the edge labeled by i has total degree (5;,p;) and the decorated data for each vertex
and incident half-edge over 0 satisfies (6.14). Note that our definition of the edge-
labeled decorated graph has more decorations than the decorated graph introduced in
Section 5 as we also label the edges. Then the automorphism group of an admissible
decorated graph I' is identity, which is usually smaller than the automorphism group
of the corresponding decorated graph without labeling the edges. If we want to use
admissible decorated graphs to compute the localization contribution, we need to divide
m! to offset the labeling as shown below.

Now we use the localization formula in §5.4 to compute the contribution from
A8, ((B1.p1)s (Bmspm)) t0 (6.9). Summing over the contribution of the vertex v; to-
gether with node h; at v; from all graphs in A, ((81,p1), ,(Bm.pm))» a0d pushing
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forward to fq_1Y = f( Lty {J/L_p/Y along ¢ o (evp, )., it yields
7B g; ,e's

o0
1

EDSID DRI TCAN O S O SR TE

1=0 ButBi++Bi=Bi d=0
p1+-+pi=p;

l
| . _ 1
N Ko fi,50y (VL-0/Y, BII™) N () ev; (s, 0, (—5)) N m)a

J=1 ;5 s

Mﬁmpl

which, by Lemma 6.8 below, is equal to Jg, p, (Z)|>\—5ﬂ

Note that all decorated graphs I' in A, ﬁ*,((ﬁl’pl)jm \(Bm.,pm)) have the same localiza-
tion contribution for the unique vertex v, labeled by co, the edge e; and the node over
oo incident to e;. As the localization formula for any graph in Agy, 8, ((81.p1),,(Bm,pwm))
depends multi-linearly on the contributions of vertexes over 0. Now go over all possible
triples (m, B«, ((B1,01),* » (Bm,Pm))). It yields the summation:

(6.15)

Z Z %(67*)* ( €4 (Cd(—R'mﬁo%)(_T)\)_Hm_d N Ko, U*(m’ 5*)]Vir)

m=1 B, 4B1++Bm=0 d=0
Pt +pm=p

N H _)\—eijg _ s
i=1 rd; r

nef (F(Fp (D am)
n w:)

Combing 6.16 and 6.15, we can write (6.9) as the following:

9)
A— Dg )
Hﬁ,p( ) )\ Do Z Z i'(ev*)*

)
0 By+B1+-+Bm=0
pit-+Pm=p

A eV, D@)
([’CO mU*(Y ﬂ* Vlrm ﬂev uB’ p’ ﬂ )\ evy De 1/] )
=1 *
1

00 0o i\
—MN—14m—d
> 2 (@) D exlea(=RmLy)(=7)
m=0 Bxt+B1++Bm d=0

p1t-+Pm=p
(Biypi)#O0forall 1 <i<m

(6.16)

/\

_ m ev;(a%(Jﬁiypi (2)],_2-po)
o (VI T80 0 [~ — g %)

=1 rd; r

As (6.9) lies in H*(1,Y,Q)[A][t1,- - ,t], the coefficient of A=! term in (6.16) must vanish.
Note that the coefficients before A~! in the first two terms in (6.16) yield

o0 1 _
Z Z %(b(yﬂ’[/ﬂhpl(_wl% e 7:u’ﬁm7pm(_wm)a¢a¢:>0,ﬁlu*,ﬁ*,
m=0 B, +B1++Bm=p
Pit+pm=p

which is the left-hand side of equality in (6.11). Then we extract the coefficient of the A=1 term
in the third term in (6.16). This yields the term on the right-hand side of (6.11) up to a minus
sign, where we note if (3;,p;) # 0, then S;(Lg) + p; < 5(Lg) + p. This completes the proof of
(6.11). O
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Lemma 6.8. For any By, (1, ,Bm in Ef(W,G,0) and p1,- -+ ,pm in Zxso with (Bi,p;) # 0,
write =B+ Y iy Bi and p =Y, p;. When s is sufficiently large, one has

(617) 6; ( Z Cd(_R.W*E%Q)(%)_d N [K:O,fr‘zsu*( \S/ L*O/Ya 5*)}Vir) = %([’CO,WLU{*} (Y7 6*)]Vir 5

d=0
Here ¢ : Ko m.ux(VL-9/Y,Bs) = Komux(Y,By) is the natural structural map as defined in
the beginning of §06.
Proof. We will first show that ROTF*,CEG = 0 on Kom,ux(V/L_9/Y,Bs), which implies that
Rlﬂ*ﬁée =0 as R.W*Eée has virtual rank 0 when s is sufficiently large. By Remark 5.3,

1
when 5, # 0, we have ROW*EjG = 0. So it remains to prove the case when g, = 0. Assume
now that 3, = 0, as the corresponding moduli consists of stable maps, we have m > 2. Let

f:C — /L_g/Y be astable map in Ko m,us(3/L-0/Y,B«). Assume g; is one of the marked

points. Note that we have

L Bi(Le) + pi

ageq, (£2y)]e) = =22 20,

Then the restricted line bundle L%o = (ﬁ%e)\c can’t have any nonzero section on C. Indeed
the degree of the restriction of L%e to every irreducible component is zero by Lemma 2.5 as
the total degree (3, is zero. Then a nonzero section of L%a will trivialize the line bundle L%e.
This contradicts the fact that L%e has nontrivial stacky structure at g;.

Now as —R'W*Lée = Rlﬂ'*ﬁée =0, (6.17) follows immediately from the identity

€ (Ko, ux(3/L-0/Y, B)]") = S Komun (Y, BT
which is proved in [Tan21, Theorem 5.16]. O

6.3. Proof of the main theorem. Using the notation in the introduction, now we prove the
main theorem 1.1:

Proof. According to the analysis in the introduction, it suffices to prove the following:

[Zﬂﬁyp(z)]z*0*1 =

(6.18) 3 3 L ar g (<B1)s 150 o (—Fm)s GBS0 00,5,

m!
m=0 By +B1++Bm=0
Pit+-+Pm=p

for any nonnegative integer ¢ and nonzero pair (3,p). Consider the set

R:={B(Le) +p|(B,p) #0, B € EE(W,G,0), p € Zxo} .

Then R C Ry (cf. Lemma 2.5). We claim that the infR > 0. Indeed, this follows the fact for
any positive number f, {8 | 8(Lg) < f} is a finite set (cf. Remark 6.2). Then we can choose
a positive number e which achieves the minimum of R. For any nonzero pair (3, p) such that
B(Lg) + p = e, the (6.18) immediately follows from Theorem 6.5 and 6.7 by observing that
the function G, . only depends on the set of inputs g/, with 0 < 5'(Lg) + p’ < e, which is
empty as there is no nonzero pair'? (8’,p’) satisfying 8'(Lg) +p’ < e. Now do induction on the
number 8(Lg) + p, (6.18) holds by using Theorem 6.5 and 6.7 again. O

9Note that a pair (8, p’) in EF(W, G, ) x Zxg is zero if and only if 8'(Lg) + p’ = 0, see Lemma 2.5.
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Remark 6.9. The proof of the mirror theorem here is quite robust; the main geometrical
construction including twisted graph space and root stack construction, and recursive relations
can be directly generalized to all proper GIT targets considered in quasimap theory. Hence we
expect the method developed here can be used to prove the genus zero quasimap wall-crossing
conjecture for all proper GIT targets considered in quasimap theory.

7. AN EXAMPLE

In this section, we will recover the (small) quantum product computation by Corti for a
cubic hypersurface Y which is cut off by the polynomial x3 + x3 + 23 + z42; in P(1,1,1,2).
The following is the table for (small) quantum product of Y obtained by Corti (see [MH14]):

1 P P2 ]l%
1 1 P P> ]l%
P p? +12r% + 37"1% 12r2p P
p? 1087* +367°1 4 1273
1, 3% —3rly

Here r = %q, 20 p is the hyperplane class of Y and 1 is the fundamental class of the unique non-

— 2
trivial twisted sector of H*(1,Y,Q). Due to the discussion in [MH]I14], the usual (O(3), Euler)-
twisted I-function of P(1,1,1,2) only recovers the first two rows, and the remaining two rows
rely on Corti’s key calculation

(7.1) (1 014,1

V=57
Here o is the small quantum product defined by the specialization of the big quantum product
*; to t = 0.

In the following, we will recover Corti’s key calculation using the I-function by choosing a
different GIT presentation of P(1,1,1,2).

Choose the matrix
(1 1 1 2 0\ .0 5
p(o 00 1 1)'ZHZ’

which gives the action of G := C; x C} on W := C® so that the GIT (stack) quotient is
still P(1,1,1,2) (with the choice of stability condition § = #23?; this also corresponds to the
S-extended data S = {3} in the sense of [CCIT19, CCIT15]). Consider the polynomial z5z$ +
T573 + w523 + w4x1. Then it cuts off a hypersurface isomorphic to Y in the new GIT stack
quotient [W**()/G]. Note that ¥ comes from the line bundle L;s, on [W/G], which is not
semi-positive as the following matrices (7.2) show.

The semigroup Eff (W, G, 0) is generated by 51, 82 € Hom(x(G), Q) such that

8 G i) -(5 1)

1 1
201, [MH14], they use r = %qi, their g2 corresponds to our g here.

1 1
2 3’
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Then we can think ¢ := ¢ generates the semigroup of degrees of stable maps to the hyper-
surface Y and x := ¢™ is a formal variable. By §3.1, the small I-function of Y using this new
GIT presentation of P(1,1,1,2) is

I(q,z,2) = g'z" Tlicolp+ (5" —0)2)°
7 ) - l*k .
(1,k)eN? P Tic e 0+ (557 = 1)2)°
8-k
1 3l—k
- 3p+(—Z)Z>]].kl
H0<i<l(2p + (I —1)z) 0<1<_£k ( 2 :
<~

gk H%<z‘<o(p + (% —i)z)?

+ Z kLl H0<i<l(2p+(l—i)z)

1 1,
5P
H#<i<o <3p + (3l2_k - i)z)

3
yoy e [Tt cico(p + (152 = 1)2)°
(1,k)EN? R locic(p+ (1—14)2)
3l27k€6«?<0\Z<0
1

Te_: .
e
H¥<i<0 (3p+ (Sng _ ’L)Z)

where 1, = 11 if k£ — [ is odd; otherwise, ]1% = 1. We can show the following fact about

2

N

I(q,x,2):
xli +gxl s 1
(74 Mo =1+ o) ol
ql 1
OI(q,x,2)  Li+al  a(?1+ Lp? + —2) ) ]
(7.5) or = 2 + o +O(z )-I-O(;) 7
and
ql 1
Pllgr,z) Pl 1+ .
(7.6) rrra > +0() +0() -

Since —ze% I(q,z,—2z) is a slice on the Givental’s cone by string flow and have the asympotic
following expansion

—qa1 . 1
(7.7) ze = I(q,w,2) =21 + 2l —|—(9(x‘3)—|—(9(;) .
Then
(7.8) ze%MI(q,x, z) = JO%(q, zly,z) + o(z?) ,

where J&%(q,t,2) is Givental’s .J—function which has an asymptotic expansion
1

(7.9) 2Zl+t4+0(-),
2
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andt = > t%¢, € H*(I,Y,Q). We have the following standard fact about Givental’s J—function
(cf. [Giv04]):

o 0 v _
(710) Z@@JG (Q7taz) :¢OA *t ¢B+O(Z 1) -
Now consider the function
2 e
(7.11) z;ﬁ(ze E I(qw,z)) ,

a direction computation using product rule yields:

—qzl

2
* @I((],I,Z) .

qzl

(7.12) qze%ﬂl(q, r,2) —2zqe = agl(q, z,2) + 2%
x

Applying (7.4), (7.5), (7.6) to the first term, second term and third term in (7.12), respectively,
we have the following asymptotic expansion of (7.11):

1 qly
(7.13) 1 — 2q(11 +4q1) + (¢°1 + §p2 + 72) +0(z)+0(z7h) .
However, using equation (7.8), (7.10), one has another asymptotic expansion about (7.11):
(7.14) 1%, 11 +O(2) + oizh.
Compare (7.13) and (7.14). After evaluating x = 0 and ignoring all negative z powers, we have
1 3
o 1% = gpz - 5‘]1% )

1.
2
which recovers Corti’s calculation(7.1)!
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APPENDIX A. LIST OF SYMBOLS

Since the proof of the recursive relations in Theorem 6.5 and Theorem 6.7 have parallel
arguments, we list a comparison of notations appearing in the proof for reader’s convenience.

Auxiliary cycle I (6.2) Auxiliary cycle II (6.9)

master space }P’Qj%’p 64.1 PY, s §5.1

moduli space ng(IP’Q‘)%’p, (8,17, 9)) | Def 2.3, §4.1 Ko,m(PY, s, (8, g)) §5.1

‘r

stale vertex over 0 | Q5% (D, (B(v),17)) §4.3.1 Ko.miw) (V/I—a/Y, B(v)) | §5.3.1

stale vertex over oo | Ko mv)(/Lo/Y, B(v)) §4.3.1 Ko,mw)(/Le/Y,B(v)) |§5.3.1

edge moduli M, @@/ L_g/Y5*/G] §4.3.2 @ L_g/1Y §5.3.2
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